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Summary 
 
Larger telescopes are required by astronomers to see further into the depths of our Universe, in order to 
understand its origins and the origins of life. A solution is to replace conventional primary mirrors in 
space-telescopes by membrane reflectors, that can be folded and fitted into a spacecraft before launch. 
Once deployed, the membrane would provide a large reflective surface necessary to obtain images of 
faraway celestial objects. Whilst the primary mirror of a space-telescope needs to have a very precise 
shape, membranes can have an uncertain shape for they are prone to wrinkling. For this reason, there is 
hesitation in using these structures for telescopes, as the technology needs to mature. In this thesis, 
regular polygonal membranes tensioned at their vertices are proposed as reflectors; their discrete 
nature necessitates a lighter support structure compared to circular membranes. Analysis has been 
made to assess the effect of the wrinkling in these polygonal membranes, where the primary focus has 
been on nominally flat membranes, alongside parabolic membranes.  
The area of reflectance of the membrane must be maximal and it is vital to mitigate wrinkles. In 
this thesis, the origins of the wrinkles are investigated and two novel stress analysis methods for 
polygonal membranes are developed initially. The first uses Airy stress functions: by superposing a 
number of these functions, and deriving from it a solution for a free body disk, the stress field of a 
polygon is approximated with a high degree of accuracy both in terms of distribution and magnitude. 
The second method uses the analogy of the governing equations of in-plane stresses and of curvatures 
in the shallow bending of plates. The solution produces the shape of stress fields accurately. The results 
from these two distinct methods have been validated using Finite Element Analysis (FEA) and, together, 
they conclude that compressive regions are located close to the corners of all regular polygons, no 
matter the number of sides. This information is used to develop a method to prevent compressive 
stresses in membranes; furthermore, the analogy is adapted to show that with a given amount of edge 
trimming, the tensioned membrane does not produce any compressive stresses and this is confirmed in 
practise. The minimum amount of trimming required is derived for any regular polygon.  
Experiments are performed on some of these polygons to compare the actual wrinkling regions 
with predictions obtained by analysis. It is shown that, although wrinkles do appear close to some 
corners in the experiment, not all corners wrinkle and the ones that do, only start wrinkling at relatively 
high tension forces. These experimental observations are not reproduced either by some previous 
theoretical work or FEA wrinkle predictions, where wrinkles have been shown to be present in all 
corners, even at low tension forces. A simple linear FEA has shown that the “connection” used to 
tension the membrane plays an important role in the wrinkling mechanism and the connections used in 
the experiments here are shown to produce the least amount of compressive stresses which can explain 
the results obtained. Generally speaking, it seems that the connections have a disproportionate effect 
on the wrinkle formation, not previously reported. It is also shown that physically trimming the edges 
results in a large increase in the unwrinkled area of the membrane. 
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A methodology is developed to analyse the failure of a tension force which results in non-
uniform external loads, leading to possible incursion of wrinkles over the bulk of membranes and which 
disrupts the reflective area substantially. It is essential to be able to vary the other loads through 
controllable tensions, and it is shown that, in doing so, wrinkles can be removed from the bulk of the 
membrane or that the reflective surface can be maximised. 
Finally, a study on the feasibility of “pressurising” the membranes into an out-of-plane shape 
has shown that electrostatic attraction is the best option given the free boundary conditions of the 
polygons. When pressurised, the polygonal membranes naturally reach a parabolic shape towards their 
centre, the extent of which varies greatly depending on a large number of parameters, including most 
particularly pre-tension, focal ratio and shape of the attractive surface. The study shows that specified 
accuracy requirements can be reached using this design in these regions.  
Generally, it is seen that polygonal membrane reflectors are good candidates to replace 
conventional primary mirrors. Even though some parts of the membranes are wrinkled or attain 
incorrect shapes, large areas can still be used for reflective purposes and recommendations on how to 
maximise these areas are given through the research performed in this thesis. 
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1. Chapter 1: Introduction 
 
 
1.1 Introduction 
Precision is a key requirement of future space observations.  Astronomers are looking for better 
images of distant celestial objects.  In order to achieve this, a larger surface of reflectance on 
telescopes, as well as better observation locations, is required.  To unite these two requirements, an 
ideal telescope would have a very large primary mirror and would be located in a dark environment.  
All locations on Earth are affected by light pollution in different proportions and, for this reason, the 
idea of a space-bound telescope has emerged; but it is not economically efficient nor technically 
feasible to launch a mirror, which would be both large and heavy; thus, thin deployable reflective 
membranes have become an attractive alternative option to conventional mirrors, given their 
lightweightness and their ability to fold easily into current rocket fairings.  However, because of 
various problems outlined momentarily, this technology needs to mature for proven use in space-
bound telescopes. 
1.2 Design and history of space telescopes 
There have been different designs of telescopes since the first telescope was invented in the 17th 
century. All designs aim to solve the same problem: to increase the size of the image of an object 
which is too small to see with the naked eye. To achieve this, in reflective telescopes, multiple 
mirrors are combined so that their compound effect increases the size of what is present in the field 
of view. The shape of these mirrors is found from optical considerations and depends on the overall 
design of the telescope itself. The design depends on many factors, including size limitation, ease of 
use and manufacturability of the mirrors.  In all cases, the accuracy of the final image and, hence, the 
increase in size of the image is dependent on the dimension of the primary mirror, which plays a 
fundamental role. It is the size of this mirror which needs to be maximised to allow astronomers to 
have a better vision of the Universe. 
The first space telescope was the Hubble Space Telescope (HST), launched in 1990.  Space 
telescopes had been requested by astronomers for decades due to their ambition to remove 
atmospheric turbulence from observations and the HST satisfied their need, even though its scale 
was limited due to a high launch cost, for a 2.4 m diameter primary mirror.  Despite these 
restrictions, the HST gave unprecedented results for the astronomy community. 
Today, new ambitions have arisen, and the search for smaller scale details in the cosmos has 
started.   Due to a high demand for greater accuracy, the number of space telescopes has increased, 
each of them being developed with increasing complexity.  One example of the latest designs is the 
James Webb Space Telescope (JWST), which is currently being manufactured for launch in 2014.  The 
JWST will be able to see space-objects further away than any existing telescope with a primary 
mirror of 6.5 m diameter, which is made out of 18 mirror segments, each of 1.3 m diameter and 
weighing 20 kg (NASA, 2008b).  As a measure of comparison of past and modern technologies, its 
Chapter 1: Introduction 
 
2 
 
mass per unit area is only of one tenth of the Hubble’s primary mirror, despite the mirrors being 
made out of a light beryllium metal (NASA, 2008a).   
The structure of JWST’s primary mirror is shown in Figure 1.1(a), where each mirror segment 
is a six-sided polygon.  The mirror segments will be folded together before being deployed in space.  
The folded configuration, seen in Figure 1.1(b) in the spacecraft, consists of a main part and two 
lateral parts, which will rotate 90° relative to the main part during deployment to achieve a single 
mirror.  The segmented mirror technology is necessary because there is no rocket fairing large 
enough to accommodate such a large mirror; also, the technology for manufacturing large mirrors is 
not mature, obviating other solutions such as deployable structures. According to NASA: “technology 
for fabricating lightweight single piece mirrors above four meters in diameter does not exist today 
and is not foreseen...the transportation problems are the real constraint for future large, contiguous 
aperture telescopes” (NASA, 2008c).   
 
                
Figure 1.1: (a) shows a comparison of the new generation James Webb Space Telescope (JWST) primary mirror with the 
previous generation primary mirror of Hubble (NASA, 2008b).  The primary mirror will reflect light onto a secondary 
mirror in the direction normal to the page, which will then reflect the light to a tertiary mirror located at the centre of 
the primary mirror, where a blank space can be seen.  The blank space in the middle is the location for both the tertiary 
mirror and the fine steering mirror. (b) shows the JWST primary mirror folded up inside an Ariane 5 rocket before its 
launch (illustration taken from ESA).  
1.3 Aims for future space telescopes 
Future space telescopes are required to have a greater resolution than current ones and, 
consequently, need to capture more photons.  Given that the sensitivity is directly related to the size 
of the mirror area, these aims can be achieved by increasing the diameter of the primary mirror.  
Even though the diameter’s size needs to be maximised, weight restrictions still need to be 
(a) (b) 
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respected.  The long-term goal for NASA is to have a large primary mirror, which has a total areal 
density in the region of 0.1 kg/m² (Zeiders, 1999);  the James Webb Space Telescope, for example, 
has a density of more than 10 kg/m², and this is already 13 times lower than the density of the 
Hubble Space Telescope.  A foldable mirror is also essential, in order to fit for transportation.  The 
now cancelled new NASA generation of spacecraft, Ares V, would only have been able to 
accommodate a mirror up to width 8 m (NASA, 2007) and, as suggested by Table 1.1, this would 
have not been sufficient as 10 m diameter mirrors are expected for future space missions and 
sometimes even more, larger than 100 m diameter are mentioned.  Foldable and deployable mirrors 
are the only viable solution presently: and this, in turn, suggests consideration of membranes given 
their lightweight and their reflective properties. 
Vision range 
Wavelength /      
Energy Range 
Size (m) Areal Density (kg/m2) 
X-ray mirrors 0.05 – 15 keV 1 – 4 < 0.5 /grazing incident 
UV mirrors 100 – 400 nm 1 – 2 < 10 
Visible 400 – 700 nm 6 – 10+ < 5 
Scanning Lidar 
Telescope 
355 – 2 050 nm 0.7 – 1.5 < 10 
NIR Earth Science 
Systems 
700 – 4 000 nm 3 – 4 < 5 
Far infrared to submm 20 000 – 800 000 nm 10 – 25 < 5 
Table 1.1: Current requirements for NASA in terms of space-bound telescope.  The unit keV for X-ray mirrors 
corresponds to kiloelectron volt and is a unit of energy.  The values corresponding to the visible range which is of 
interest are highlighted.  The table is taken from Belvin (2004). 
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1.4 Primary mirror structure 
1.4.1 Material properties 
The kind of lightweight structures envisaged for future primary mirrors are known as gossamer 
structures, which can be qualified as having an areal density less than 1 kg/m² and being flexible 
(Jenkins & Schur, 2002): these appear to be the only viable options for larger space telescope (Ash et 
al., 2004). Even though no specific membrane material has been defined precisely for the primary 
mirror, a typical material is Kapton, which is lightweight, flexible, strong and space-qualified, see 
Table 1.2, and very large areas can be manufactured in order to provide a considerable reflective 
surface. 
Physical Property Kapton                                     
Typical Value at 23°C 
Aluminium 
Ultimate tensile strength (MPa) 231 230 - 570 
Yield Point at 3% (MPa) 69 - 
Stress to produce 5% elongation (MPa) 90 - 
Ultimate elongation (%) 72 10 - 25 
Tensile (or Young’s) Modulus (MPa) 2500 70 000 
Density (g/cm3) 1.42 2.7 
Poisson’s ratio 0.34 0.35 
Table 1.2: Physical Properties of Kapton Type 100 HN Film 25 µm, as given by the manufacturer, Dupont (2008) 
compared to typical aluminium properties. 
1.4.2 Current applications of membranes in Space 
Membranes are already used in space applications such as in solar sails and thermal insulators. They 
have also been tested in the field of optics during the Inflatable Antenna Experiment (IAE), see 
Figure 1.2(a) and (b). A full scale structure was deployed by inflation, and, despite some unexpected 
dynamics during the initial ejection and inflation, the correct final shape of the antenna was 
attained: a 14 meter diameter circular membrane was deployed. However, the problem of shape 
control in gossamer structures has always been an issue. For example, the recent solar sail “IKAROS” 
shown in Figure 1.2(b), launched by the Japanese Space Agency in 2010, validated the use of very 
large solar sails in the future, but it was concluded that better shape control of the membrane would 
be needed before the launch of much larger sails due to the presence of wrinkles in the membrane. 
The wrinkles present impacted on the solar thrust performance of the structure. 
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Figure 1.2: (a) shows an artist’s view of the Inflatable Antenna Experiment (IAE) taken from L’garde (2006) and (b) shows 
a photograph taken in space after inflation of the IAE (NASA, 1997). (c) shows an artist’s view of IKAROS, the solar sail 
recently launched into space taken from JAXA (2011). The diagonal length of the square is 20 meters. 
1.4.3 Problems 
The thinness of membranes makes them attractive as gossamer structures, but this is also the 
source of their main problem: wrinkling. Membranes tend to wrinkle easily due to their very low 
bending stiffness, as seen in Figure 1.3 and this has limited their use in space-bound optical 
applications so far.   
Two types of wrinkles are usually distinguished.  First, “material” wrinkles are permanent 
deformations, which arise from the handling of the material, and only careful handling and 
manufacturing can avoid them. On the other hand, “structural” wrinkles are temporary 
deformations caused by in-plane compression or more precisely: “structural wrinkles are local post 
buckling patterns that are manifested by geometrically large transverse deformations whose 
magnitudes are much larger than the membrane thickness” (Tessler et al., 2005), and usually form 
after loading.  All references to wrinkles in this thesis will relate to “structural” wrinkles. 
Membrane wrinkling stems from the low bending stiffness of the structure, and unless all 
the points on the membrane are in biaxial tension, some wrinkling is bound to occur. Preventing 
compression is difficult as many factors contribute to its creation in the membrane including: 
(a) (b) 
(c) 
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boundary conditions, forces applied on the membrane and temperature changes in space, amongst 
others. The wrinkles’ ease of formation, as well as their lack of stability, makes them difficult to 
predict and control. The presence of wrinkles on mirrors is undesirable as it distorts the image, and 
makes it unsuitable for observations. Only the un-wrinkled areas of a membrane can be exploited, 
and hence, some accuracy in the flatness of the mirror is required.  
 
 
Figure 1.3: Representation of a solar sail made out of a membrane where typical wrinkles have formed under gravity 
(Sleight et al., 2002). 
1.4.4 Support structure 
Keeping a membrane flat requires proper boundary conditions, and in-plane forces need to be 
applied on the membrane at given edge locations.  Ideally, the membrane would be fully clamped on 
its boundaries, so that it is biaxially tensioned everywhere after pre-tensioning. However, for the 
support structure to control the membrane better, the complexity of the tensioning mechanism 
needs to be increased as more tension is required. This in turn increases the size and the density of 
the support structure. As the support structure is also launched into space, this can be problematic, 
as its mass needs to be minimised, since the structural components will usually dominate the mass 
of the membrane itself.   Proposals to satisfy these requirements have been made in different 
studies.  One suggests the use of tensegrity structures (Zeiders, 1999), where a support structure 
with a density lower than 0.1 kg/m² can be achieved using thin-walled plastic tubes.  Another 
proposes the use of current technologies in communication satellites, e.g. the Astromesh Deployable 
Reflector, which provides a lightweight support to communication satellites, achieving 
approximately 2 kg/m².   
No matter what technology is used for the support structure, it is clear that concessions will 
have to be made, as applying full support to the membrane structure would defy the purpose of 
having a lightweight primary reflector. For this reason, there has to be a limited interaction between 
the membrane and the support structure, and its consequences need to be taken into account in the 
design of future space membrane reflectors, particularly regarding wrinkles. 
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1.5 Primary mirror design considerations 
The use of membranes to act as primary mirrors of future space telescopes is currently being 
discussed, but there are no serious proposals to launch one of these structures. The main reason is 
that the knowledge of membranes is not sufficient to build a primary mirror that is both accurate 
and lightweight whilst having a light enough support structure. Hence, as recent discussions suggest, 
the first step towards the creation of membrane space-telescope is to develop a small scale device 
(Santer & Seffen, 2009). Not only would this validate the feasibility of membrane mirrors at a 
relatively small cost, but solving the problem on a small scale device is necessary before considering 
larger devices. Also, the use of flat primary mirrors is mentioned, which simplifies further the 
complexity of the mission, reduces the mass of the support structure as well as the risks. Telescope 
designs using flat primary mirrors are possible and are presented in Chapter 2. 
Most of the work so far on membranes for space-telescopes has investigated circular 
geometries tensioned all along their perimeter, to ensure that it is close to a biaxial tension stress 
state. It is therefore clear that some simplifications need to be made to optimise the mass of the 
support structure. However, this also requires changing the shape of the membrane and making 
adaptations to how it is supported, e.g. by approximating the usual circular shape of the mirror to a 
polygonal one, and only applying tension at the vertices: such a design has been mentioned in some 
publications, which are summarised in Chapter 2. As can be seen from Figure 1.4, changing the 
shape from circular to polygonal does not necessarily reduce the membrane’s area much for a given 
radius of polygon. However, making shape simplifications of this sort can be problematic especially 
when trying to reduce the number of sides of the polygon. In triangular and square membranes, it 
was clearly established that wrinkles are created when these membranes are tensioned at their 
vertices, and these persist into the membrane far enough to be problematic for reflective purposes. 
Hence, a solution to control the shape of the wrinkling in membranes needs to be found. 
Figure 1.4: For a given outer radius, this graph shows the area of a regular polygon divided by the area of a circle. As the 
number of side increases, polygons get closer to circles. 
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1.6 Aims and objectives of research 
Little research has been performed to investigate the stresses and wrinkles in polygonal membranes 
with more than four sides but which are not circular. The aim of this research is to understand how 
the wrinkling problem can be addressed in n-sided polygonal shapes. To do so, various tools to 
analyse both stresses and out-of-plane shapes of membranes need to be created. The analyses 
methods developed need to be made as general as possible so that they can be used for n-sided 
regular polygons and when possible, for polygons in general. This will allow the analysis of polygonal 
membranes used as primary mirrors and by extension, solar sails. 
The main objective is to understand the influence of various factors that lead to 
compression and wrinkles, and how to control these influences. The results need to provide a 
guideline on design considerations for a primary mirror made from a membrane material. Finally, 
the results obtained need to be applied to show whether n-sided polygonal membranes should be 
considered in the design of the primary mirror of future space-telescopes. This will be assessed by 
finding whether the shape of the membrane can be predicted and controlled. 
1.7 Layout of thesis 
The thesis is composed as follows. Chapter 2 reviews the literature by looking into the requirements 
of space-telescopes and at the research that has been performed on their design, with a focus on 
primary mirrors. Different methods of analysing and controlling membranes are then compared in 
the three distinct fields of: theory, Finite Element Analysis (FEA) and experiments. In Chapter 3, 
polygonal membranes are studied and methods are developed to analyse the stresses inside these 
geometries when they are pre-tensioned at their vertices. Two distinct methods to predict the 
stresses in regular polygons are presented and investigations on the analysis of irregular polygons 
are made. Finding a methodology to predict compressive stresses in these membranes is the main 
focus. Chapter 4 presents the results of the analysis of a number of uniformly and non-uniformly 
loaded regular polygonal membranes. These membranes will form the basis of the analyses made in 
this thesis. The procedures to analyse these membranes are presented, namely theory, experiments 
and FEA. Chapter 5 considers the out-of-plane displacements of n-sided regular polygonal 
membranes. Theoretical, experimental and FEA work are compared in regards to wrinkle 
characteristics and wrinkling regions. Wrinkle details in polygonal membranes are found, and are 
compared to the compressive regions found in Chapter 3. The extent of wrinkling in polygonal 
membranes is assessed. Chapter 6 proposes methods to control the shape of the membrane, to 
minimise the amount of wrinkling present and, hence, to maximise the reflective surface. Distinct 
theoretical methods are proposed both for uniformly and non-uniformly loaded membranes and the 
results are compared with FEA and experimental results. Comparison of wrinkles is made with 
results obtained in Chapter 5. Chapter 7 looks at the effect of pressurisation on n-sided regular 
polygonal membranes, particularly investigating how much of the resulting area is of parabolic 
shape. The effect from and on the wrinkles are taken into consideration as well as the pressure 
mechanisms available. The analysis is done through FEA, and simple experiments and theory are 
used to validate the method used. Chapter 8 summarises the findings and concludes this thesis. 
Suggestions for future work are given. 
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2.1 Introduction 
The literature review is divided into two main parts, which treat two distinct topics, but which 
complement each other in view of a membrane reflector being used as a primary mirror. The first 
part describes what the requirements are for future primary mirrors of space-telescopes, as this sets 
the basis for membrane design: it also discusses various design considerations, and this is 
complemented by some examples of existing and past work. The second part looks at previous 
research, specifically on pre-tensioned polygonal membranes, in terms of shape prediction and 
optimisation: most work tends to look at membranes with only a few sides, e.g. three or four, which 
develop highly wrinkled regions.  
2.2 Space telescope design 
A substantial amount of work has been performed on proposing designs of space-telescopes and a 
few recent reports complement each other, revealing the state-of-the art. The most significant 
reviews are from Jenkins (2006), Santer & Seffen (2009) and Ruggiero & Inman (2006), and all 
discuss different options towards the creation of future space-telescopes. The possibility of using a 
membrane structure as the basis of the primary mirror is clearly stated and Burge et al. (1997) 
reinforces this view, discussing its necessity and the possible design options. Each proposal solves in 
different ways various issues such as the accuracy and size of the primary mirror. 
The following sections summarise the most significant proposed concepts, and gives the 
basis of design requirements. This information also gives an insight into the type of existing 
problems in membrane reflectors.  
2.2.1 Membrane primary mirror designs 
2.2.1.1 Biaxially curved mirrors 
As explained in Chapter 1, the primary mirror of a space-telescope has the purpose of reflecting an 
image onto a secondary mirror.  This can be done in various ways. The “conventional” design in most 
telescopes made to date is usually described as “filled” or “Newtonian-type” when the mirror is 
complete as compared to “annular” or “Cassegrain-type” when there is a hole in the centre of the 
mirror. The difference between the two designs is only due to the location of the tertiary mirror, 
which is sometimes located behind the primary mirror to reduce the total volume occupied by the 
telescope. As seen in Figure 2.1(a), the annular design allows the secondary mirror to reflect back 
the primary mirror’s image onto a tertiary mirror which is located behind the primary mirror, at its 
centre. The filled mirror on the other hand would need to reflect the image in another direction as 
seen in Figure 2.1(b). For both of these “conventional” designs, the mirrors need to be as large as 
possible to achieve high resolution, and curvature is required to reflect the light onto the secondary 
mirror which is smaller. 
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Figure 2.1: (a) shows the design configuration for a Cassegrain-type telescopes. The primary mirror reflects the image 
onto a secondary mirror which then reflects the image onto a tertiary mirror, located behind the primary one. (b) shows 
the design of a Newtonian-type telescope taken from Dhillon (2010).  
To understand the requirements in terms of curvature for the primary mirror of a parabolic 
telescope, some concepts from the theory of optics need to be prescribed. The curvature is 
expressed in terms of a focal ratio, which is also called the F number. This value is related to the 
diameter D and the maximum central depth w0 of the mirror through the following equation: 
   
 
    
 
 
(2.1) 
 
The other important parameter is the distance at which the image will come into sharp 
focus. This is of importance as it will determine the approximate length at which the secondary 
mirror will have to be placed, and hence will determine the overall size of the telescope. This length 
is called the focal depth, and can be calculated using the following equation: 
             
  
    
    
 
(2.2) 
 
It is interesting to note from Equation (2.2) that the focal depth is quadratic to the diameter of the 
membrane: the larger the diameter, the longer the length. This needs to be considered when 
designing large primary mirrors, as the size of the overall telescope will increase. 
In a summary of recent experiments, it was found that the curvature of membranes studied 
for space-telescopes usually varies between F=0.5 and F=8 (Jenkins, 2006, pp.60). For membranes to 
reach this curvature, normal forces need to be applied to the membrane surface, to cause out-of-
plane distortions. Pressure is the simplest method and the most studied. Other methods are 
suggested but, in general, this results in extra complexity such as attaching strings to different parts 
on the rear side of a membrane and then applying some tension to them (Andersen et al., 2002). 
Pressure is usually proposed and the amount needed varies depending on a number of criteria such 
as the focal ratio required and the amount of pre-stress in the membrane. The pressure can be 
applied in different ways, and the most popular is through gas pressure but other types of pressure 
exist such as electrostatic attraction.  
Gas pressure is the simplest type of pressure and has already been used in space with 
success, for example, in the Inflatable Antenna Experiment deployment. Most examples use a 
“lenticular” design, in which gas is inflated between a reflective and a transparent membrane 
bonded at their perimeter. The boundary conditions make the inflated area sealed, and the reflected 
light passes through the transparent membrane. Whilst the accuracy of such a design is sufficient for 
(a) (b) 
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antennae or solar concentrators, it is not sufficient for primary mirrors: the membrane tends to be 
too steep close to the boundaries and too flat close to the centre (Jenkins, 2001). 
Numerous experiments have been performed by pressurising circular membranes and 
looking at the shape attained. Experiments of different scales have been performed, and usually the 
membrane is pressurised through the use of a vacuum pump from behind the membrane. This pulls 
the membrane towards the back, whilst leaving the reflective side clear. Theoretical work has been 
performed to predict the shape taken by circular uniformly pressurised membranes clamped on 
their perimeter. Hencky was the first to study this problem and his work was later complemented by 
Campbell (1956). The work achieved then is still a reference despite the large amount of research on 
the topic since then (Jenkins, 2006). 
In terms of the success of the shape attained, an experiment described in Jenkins (2001) and 
Marker et al. (1998) observed that, applying a circular ring against the membrane before the 
pressure, could produce a much better control of the shape attained. Results were obtained from 
experimental, theoretical and FEA shape predictions. Curvatures were tested for focal ratios ranging 
from 1 to 8 and for different levels of pre-strain on a 280mm diameter membrane. It was noticed 
that less curvature and more pre-strain allowed better control of the membrane. Accuracy results 
showed that for the optimum case, 0.25% pre-strain and focal ratio 6, the membrane was only 8 
wavelengths of light away from a perfect parabola on 75% of the membrane’s surface.  
Despite the results from all the tests performed with gas pressure being useful, several 
problems need to be highlighted. The first one is that support all around the perimeter is required to 
maintain a hermetic environment for the gas pressure to act. The boundaries of the membrane are 
constrained; hence, the support structure of the membrane is large and usually heavy. The second 
problem is that the pressure is applied uniformly throughout the surface of the membrane in a 
direction perpendicular to the surface with no control possibility. Therefore, there is no possibility of 
changing the shape of the membrane easily. Finally, any defect leading to a leakage of gas is fatal to 
the shape of the membrane structure; in space, the presence of meteorites is a concern.   
Electrostatic pressure, on the other hand, overcomes most of these problems and can offer 
better control of the membrane. First of all, in terms of supporting structure, the membrane does 
not need to have a continuous boundary but can be discretely supported and this helps reduce the 
weight and size of the support structure. Secondly, electrostatic pressure can be applied in different 
magnitudes in different parts of the membrane easily, controlling better the final shape. This can 
solve the problem usually found whereby standard pressure produces a too steep shape close to the 
edges and a flat shape close to the centre, as noted. Also, there is less consequence if the membrane 
gets damaged or perforated. The direction in which electrostatic pressure is applied can be 
controlled by changing the shape of the conductor plate which attracts the membrane. For example, 
a flat conductor plate will apply a unidirectional pressure on the surface of the membrane in the 
direction perpendicular to the plate. Overall, very good control of the final shape can be made. 
However, the main disadvantage of this method is the necessity of having a large permanent electric 
current to maintain the shape of the membrane and this could be problematic in a space 
environment. 
Whilst the technicalities of gas pressure are relatively straightforward, electrostatic 
attraction is more complicated as it involves using an electric current. Electrostatic attraction arises 
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when two conducting materials held a certain distance apart are charged at different potentials. The 
attractive force generated by the two conductors is dependent on the distance between the 
conductors and the difference in their voltage. The pressure is calculated from the following 
formula: 
   
             
  
 
 
(2.3) 
 
 
The constant            being the vacuum permittivity constant (Farad/m), P the pressure (Pa), V 
the difference in voltage (V) and g the gap between the conductors (m). 
Electrostatic attraction can be used with membranes given that they can be coated with a 
metal (Jenkins, 2006, pp.91). For example, the reflective Kapton used in some of the experiments 
described later in this dissertation has been coated with aluminium. It is also important to note that 
the gap between the conductors needs to be a minimum of five times their combined maximum 
displacement, in order to avoid any instability.  
The other major concern is that curvature is dependent on the voltage applied across two 
surfaces. Given that the telescope will be in space, the power generation needs to be available in-
situ. Today, spacecrafts use between 300 W to 2.5 kW of electrical power on average (NASA, 2010a). 
However, future missions will benefit from new technology. As an example, the now cancelled 
Prometheus Project was going to use nuclear fission reactors which would have produced hundreds 
of times more electrical power than today’s spacecrafts (NASA, 2010a). Despite this, limited 
amounts of power are available and curvature is bounded. In the literature, laboratory experiments 
have been performed with electrostatic pressure, and values of 10000 V were mentioned to be 
highly feasible currently in space (Angel et al., 2000). 
A number of experiments have been performed on applying electrostatic pressures on 
membranes. Some of them are mentioned in Jenkins (2006), but specific details of the experiments 
are not given and the literature for some of them was not possible to obtain. However, it seems that 
all of the work done has also concentrated on circular membranes, fully clamped at their boundary, 
except for some work which is summarised below. 
Often, the experiments involve having a number of separate conducting “plates” below the 
membrane, with independent voltages so that the shape of the membrane can be controlled. Whilst 
this is of importance for shape control of the membrane, active control is not dealt with in this thesis 
and only the general effect of time-invariant electrostatic pressure is of interest. 
The scale of the membranes studied varies widely, from only a few millimetres in diameter 
up to 40 metres (Jenkins, 2006). In terms of curvature and accuracy, good results were obtained. For 
example, in Angel et al. (2000) the authors built an experimental electrostatically pressurised 
membrane reflector, 15 mm in diameter and pressurised effectively to 35 Pa by 133 V to achieve a 
0.005 mm central displacement. This resulted in a parabolic curvature, and the inner 6 mm diameter 
of the membrane was accurate enough to produce the first astronomical image made with a 
membrane primary mirror electrostatically pressurised. In another experiment, the same authors 
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tensioned a polygonal membrane of 32 sides by 40 N in a 4 metre diameter membrane. They then 
obtained a F number of 62 with a pressure of 0.5 Pa using 9500 V (Angel et al., 2000). 
2.2.1.2 Alternatively curved mirrors 
As mirrors get larger, it becomes more difficult to have a primary monolithic mirror (Burge et al., 
1997). Hence, other designs have been proposed to facilitate the launch of the primary mirror as a 
deployable structure, which is stowed before launch. Some consider using membranes, especially 
when the diameter needs to be very large. In this case, the difficulty in controlling the shape of the 
membrane is taken into consideration and the “conventional” design is not used anymore. 
Simplifications are made, most particularly about the curvature and some of the alternative designs 
are summarised below.   
One of the proposed designs is to have a reflector, which is only curved in one direction. An 
example of this design is the DART reflector concept, which consists of splitting the primary mirror 
into two distinct mirrors, each curved in a single direction (Jenkins, 2001). The image would reflect 
from the first mirror onto the second one and then the final image would be sent to the secondary 
mirror (tertiary in this case). This would replicate the effect produced by a parabolic mirror (White et 
al., 2003). The advantage of this design is that individual reflectors only need to be curved in a single 
direction, making it easier to control the shape of the membrane and facilitating the folding of the 
membrane during the launch. 
Another type of design discussed is the “subaperture” or “sparse” design, in which a 
multitude of small-scale primary mirrors are placed in different locations in space, so that the 
contribution of each mirror produces the equivalent image obtained from a large single mirror. This 
reduces the areal density of the overall telescope and, as suggested in Andersen et al. (2002), with 
current technology this might be the only way to produce a low-density space-telescope. The idea of 
telescopes flying in formation and complementing each other was already suggested in other 
missions, such as the Terrestrial Planet Finder (TPF-I) and the Space Interferometry Mission 
concepts, and through various designs such as the Golay 6 and Tri-Arm (Fiete et al., 2000). 
Controlling the shape of small-scale mirrors is easier than that of large reflectors and, hence, 
accuracy problems could be solved more easily. Following the DART idea of suppressing curvature to 
facilitate shape control, overall placement of individual reflectors in the sparse design may be used 
to reproduce a global parabolic shape, so that the individual mirrors can be flat (Jenkins, 2006). This 
would further simplify the control mechanism and, hence, the telescope density could be further 
decreased, as proposed in Errico et al. (2002) and in Stamper et al. (2000). This configuration has 
only flat or small-curvature mirrors placed along a curve forming a parabola, as seen in Figure 2.2. It 
goes without saying but the key advantage is that the support structure only needs a tensioning 
mechanism but no pressure mechanism. As highlighted in Santer & Seffen (2009), the high precision 
required for the positioning of the array of mirrors is not straightforward and there still are 
technological constraints to solve before this can be achieved. 
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Figure 2.2: Lateral view of the design of a telescope made out of numerous small scale primary mirrors which are flat 
and which are positioned in such a way that their overall shape is that of a parabola. Note that in this case, the design of 
the tertiary mirror is made from mirror segments too. This design is taken from Errico et al. (2002). 
2.2.2 Requirements 
2.2.2.1 Accuracy 
A primary mirror for a conventional telescope needs to have a minimum accuracy of around 1/20th 
of the wavelength of interest. Wavelengths of visible light ranges from 400 to 760 nm, resulting in a 
required accuracy of 0.02 µm when looking at visible light (Stamper et al., 2000; Ash et al., 2004): 
this is what is currently achieved by the Hubble Space Telescope’s primary mirror.   
These accuracy requirements show that wrinkle understanding and mitigation are essential 
in the design of membrane reflectors. The analysis in this thesis is concerned with the passive 
correction of membrane reflectors, but this type of mirror will most probably also have active 
correction of the surface. Hence, the accuracy of the primary mirror achieved through passive 
structural means does not need to be as high as the final requirement. Therefore, the final accuracy 
can be reached in several steps. First, the passive correction of the larger wrinkles needs to achieve a 
minimum accuracy ranging up to 10 to 100 wavelengths of light (0.004 mm to 0.04 mm) (Jenkins, 
2006). Actuators are then used and, as stated in Jenkins (2006, pp.50), it is fair to assume that the 
final accuracy of the primary mirror should be on the micron level. The active treatment of the 
membrane can be done in two ways (Belvin, 2004): the first is to use actuators to keep the primary 
mirror in good shape, and the second is to use secondary and tertiary mirrors which compensate for 
the distortion of the first mirror. The secondary and tertiary mirrors are the next to play a correcting 
role, and this is where the final accuracy needs to be achieved. Finally, if this last correction 
technique is not sufficient, it can be complemented with further corrective techniques such as 
holography, which rectifies the optical errors generated by the surface of primary mirrors (Andersen 
et al., 2002). If some areas of the primary mirror still lack in precision, techniques are being 
developed to increase image accuracy (Theiler & Priedhorsky, 1997) by masking the parts of the 
reflector which has a greater error than wanted, and such systems could be used to prevent bad 
quality reflections from disturbing the final result.  
In conclusion, it is unlikely that a passive method will be sufficient to maintain a correct 
shape (Ash et al., 2004). However, the active correction methods involve a more complex system 
and are likely to increase the density of the space telescope.  Therefore, it is imperative to achieve 
the best accuracy possible in the primary mirror through passive means. 
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2.2.2.2 Size of the reflector 
As stated in Chapter 1, conventional space-telescopes ought to have a primary mirror which would 
be hundreds of metres in diameter, leading to a diameter-to-thickness ratio between 104 and 107, as 
stated by de Blonk et al. in Jenkins (2006). The importance of having a large diameter is formalised 
by the accuracy error of the final image being inversely proportional to its diameter, which is a limit 
set by diffraction (Stamper et al., 2001): the amount of sensitivity needs to be optimised too as it 
allows the vision of dim objects in space, and this also depends on the diameter of the primary 
mirror (Burge et al., 1997). However, no membrane primary mirror has ever been made and because 
of this lack of “space-heritage”, recent views suggest that a small scale membrane space-telescope 
should first be launched to test the capabilities of such a device (Santer & Seffen, 2009; Santer et al., 
2009); indeed, primary mirrors with diameters of only 300 mm are mentioned to test this 
technology. As stated in Jenkins (2006, pp.62): “with many questions about implementing large 
membrane mirrors in space still unanswered, the trap to avoid is reliance on a technology that 
requires too heavy a system mass allocation to be viable”. A reflector with minimal actuator number 
as well as minimal mass of the support structure would validate the use of this technology at a 
relatively minor cost. Also, it is pointed out that at this scale, the mirror would not need to be folded 
in the spacecraft, and this would reduce the mission risks by taking away the deployment problem 
(Angel et al., 2000). As reported in Jenkins & Schur (2002), “… requiring reliable deployment alone is 
quite challenging by itself.  Requiring reliable deployment and precision of the on orbit shape simply 
compounds the challenge”.  
To maximise the results of such an experimental mission in which one or several small 
primary mirrors would be used, the possibility of using sparse design for the space telescope seems 
adapted given the possibility of using small scale primary mirrors. Also, it seems clear that to prove 
the viability of membrane reflectors, a design which is both lightweight and relatively simple needs 
to be investigated. For this reason, flat mirrors which only require tension are preferred. Choosing 
this shape and size will provide knowledge towards the design of larger membranes.  
2.2.3 Planform shape of the reflector  
As highlighted in Burge et al. (1997), if the structure of the primary mirror is very thin, i.e. when a 
membrane is used, the shape of the structure will be entirely controlled by the support structure. 
However, the mass of this structure can negate the advantage of the lightweight structure.  Finding 
the appropriate structure amongst all the different possible ones is a difficult task, as both 
deployment and control need to be successful.  For this reason, most research experiments 
concentrate on circular membranes fully supported at their boundary. However, as stated in 
Stamper et al. (2000), it would be very difficult, not to say impossible to have a membrane mirror 
with full boundary support sent to space as this increases the mass of the overall telescope; a 
support system with discrete attachment points is a better compromise, and the circular membrane 
must be replaced by one which can be connected appropriately. In Santer et al. (2009), it was shown 
that support structures for relatively small polygonal membranes, less than 2.5 m in diameter, could 
be effective as their areal density would be less than current space-telescopes such as the HST.   
Regular polygons consist of shapes which are close to a circle, whilst having a finite number 
of sides and hence attachment points. Logically they seem to be the shapes that need to be 
investigated to simplify the support structure but their “discrete” nature yields many new questions, 
e.g. how many tension points are needed to simplify enough the support structure whilst having 
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sufficient shape control over the membrane’s surface.  In Wang et al. (2008), it is highlighted that a 
square does not have a sufficient amount of tension points and the necessity to design polygonal 
membranes with more sides is suggested. Another study proposes the comparison of the effect of 
the number of sides of a regular polygon on the shape control of the membrane (Stamper et al., 
2000). It notes that there will be wrinkling, but that it will “die” towards the centre of the 
membrane, hence, part of the membrane can be used for reflective purposes. According to this 
report, having more than six points is not useful towards the control of the shape. However, no 
procedure is indicated: instead, the results for polygons are reproduced in Table 2.1 and the useable 
area is defined as the percentage of the membrane’s surface that does not scatter light out of the 
system.  
Attach points Useful area (%) 
3 78.5±1.1 
4 79.6±0.85 
6 85.0±1.35 
12 85.1±2.05 
 Table 2.1: Useable area of a flat polygonal membrane tensioned on its vertices. No information is given on the 
procedure or on how the results are calculated in Stamper et al. (2000). 
Whilst these results are interesting, they were the only ones found in the literature 
concerning polygonal membranes of more than four sides. However, there has been much research 
on understanding membrane wrinkling in solar sails which consist of three or four sided polygons 
and thus, this work is summarised in the following sections. 
2.3 Membrane analysis 
Membrane analysis describes the deformation of a membrane structure, and this has been central 
to a number of current and past space-missions. It is, for example, necessary to have a good 
understanding of wrinkling in solar sails, which need to maintain sufficient propulsion, and in 
sunshield layers, which need to achieve a given thermal insulation (Wang et al., 2008). The need to 
understand and minimise wrinkles is essential in these applications; but it is even more imperative to 
obtain a good accuracy for space reflectors, as explained before. This section discusses the work 
which has been done towards the understanding of wrinkle formation, with emphasis on polygonal 
membranes tensioned on their vertices. This section first defines how wrinkles are characterised 
according to the wrinkling criteria, then a discussion of wrinkling prediction is given and wrinkle 
mitigation analysis follows.  
2.3.1 Wrinkling criteria 
The performance of a membrane can be classified in three ways. These “states” are necessary to 
define what conditions need to be met to achieve shape control of the membranes. The first state, 
defined as “taut”, corresponds to when the membrane is completely flat and, this is the desired 
state for space applications. The second state is defined as “wrinkled”, in which wrinkles can be seen 
in the membrane, and deformations are much larger than the thickness of the membrane. The out-
of-plane deformations are in given directions, creating wave-type deformations. Finally, the third 
state is defined as “slack”, corresponding to when the membrane deforms in no particular direction, 
as it is loose and it is not controlled. Three main wrinkling criteria have been defined to describe 
these states and these have been summarised in Wong (2003). They are presented here.  
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The first criterion is the most simple to apply as it relies only on principal stresses denoted 
by σ1 and σ2. The membrane is defined as taut if the second principal stress is positive: in other 
words, there is biaxial tension and this is the required state for membranes to remain flat. The 
second state is defined as wrinkled and this is when the first principal stress is positive and the 
second principal stress is negative: wrinkles form as the membrane cannot carry compression. 
Finally, the third state is slack and that is when both principal stresses are negative: there is no 
structural support over the membrane. These criteria may be restated in terms of the principal 
stresses as: 
Taut:                   
Wrinkled:                  
Slack:                   
A second wrinkling criterion can be developed by looking at the principal strains denoted by 
ε1 and ε2, which is just as straightforward to understand. The principles are the same as shown by 
the following equations:  
Taut:                                  
Wrinkled:                        
Slack:                             
These two criteria define well the state of the membrane, but in some cases can lead to a 
wrong state definition. For example, if the second principal stress is negative, it can create positive 
strains in the first principal stress direction due to Poisson’s ratio even though the first principal 
stress is negative too. Hence, a more accurate definition was given by Roddeman et al. (1987) in 
which principal stresses and principal strains are both used to describe the state of the membrane. 
The definition of the states is shown below: 
Taut:                   
Wrinkled:                  
Slack:                   
The difference between these states is of importance to describe the exact deformations of 
membranes. From these definitions, several points are important. To obtain a flat region there 
needs to be biaxial tension in the membrane and as soon as compression arises, shape control of the 
membrane is compromised. Knowing these possible states and how they can be attained, the 
following section looks at the analyses which have been performed to understand better wrinkling in 
polygonal membranes. 
2.3.2 Wrinkle analysis  
Membrane wrinkling has been studied over the past century with the aim of obtaining a better 
understanding of wrinkle formation and characteristics.  As stated recently in Ruggiero & Inman 
(2006), “… the holy grail of membrane wrinkle research is a model that can predict three key 
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characteristics: the wrinkled region, the spatial wrinkle frequency, and the wrinkles’ amplitudes”.  
The first work on this topic originated from the need to analyse thin webs in I-beams, which go much 
beyond their initial buckling load. Since then, different analyses, giving more or less accurate results, 
have been developed over the years for the predictions of wrinkling regions and details in 
membranes.  
Whilst some work has been done on membranes of different shapes and with different 
boundary conditions, that which can predict wrinkle details for polygonal membranes tensioned at 
their vertices is more limited. A summary is given in the next section, followed by a summary of work 
done specifically on polygonal membranes. Most polygonal membrane research relates in one way 
or another to the seminal results of Wong (2003), which is described in Ruggiero & Inman (2006) as 
“truly a landmark in the gossamer community, as it thus far is one of the only research endeavours 
that captures the three key areas of interest with wrinkles”.  
2.3.2.1 Theory 
The first wrinkling work was developed by Wagner in 1929 and complemented by Reissner in 1938, 
which led to the “tension field” theory.  Mansfield later generalised this theory to a number of 
problems (Mansfield, 1989). This theory stipulates that membranes have negligible bending stiffness 
and cannot handle compressive stresses.  After boundary conditions are applied to a membrane, the 
analysis consists of finding how the tension rays - which are also the lines of first principal stresses - 
propagate into the membrane. All compressive regions in a membrane result in wrinkles forming 
infinitesimally close to each other in the direction of the first principal stress: consequently, load 
transfer is along these lines (Sleight et al., 2002).  The second principal stress is perpendicular to the 
wrinkles, and has a magnitude of zero.  Therefore the strain energy, which is maximised by the 
direction the tension rays are in, is only due to the tension present. This is used to determine the 
stress distribution in the membrane. This theory initiated the study of wrinkles, but has limitations 
given its inability to predict wrinkle amplitude, number and wavelength (Sleight et al., 2002).  Also, 
most importantly, the theory is only valid in certain conditions as the membrane needs to be 
completely wrinkled for the analysis to be performed, as stated in Mansfield (1989). 
The Stein-Hedgepeth theory (Stein & Hedgepeth, 1961), also known as the “wrinkling 
theory” or the “variable Poisson’s theory”, was developed later in 1961 and works on the basis of 
the tension field theory.  However, the theory is designed for membranes, which are partly wrinkled. 
The innovation of this analysis is that the membrane is divided into two regions, wrinkled and taut.  
The taut region is assumed to follow the general linear-elastic plane-stress theory.  On the other 
hand, in the wrinkled regions, the Poisson’s ratio varies in order to account for the wrinkling so that 
no compressive stresses are present.  It is therefore assumed that the compression is totally 
eliminated by the wrinkles, which go in the direction of the first principal stresses. The loads are 
carried in the direction of the wrinkles. The Poisson’s ratio needs to match at the boundaries 
between the wrinkled and taut regions. The theory was checked against different experiments that 
involved a relatively large amount of wrinkling, such as in the torsion of a slit annular membrane. 
With this theory, the average strain normal to the wrinkle can be estimated, and hence the wrinkling 
regions in a membrane can be determined. 
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These two theories form the basis of theoretical work done on membrane wrinkling. 
However, these only give the spatial distribution of the wrinkles but not their details. Whilst this is 
useful, more knowledge was needed to understand wrinkling details. 
The “compressive stress” theory was therefore developed by Rimrott & Cvercko (1985). This 
theory was the first one to consider that a critical compressive stress existed in membranes, and that 
it should be taken into account to predict wrinkles. This critical stress had been ignored due to the 
assumption that it was infinitely small in previous theories. Rimrott and Cvercko developed 
theoretical work for a very specific problem: the one of a hanging blanket on which wrinkles arise 
due to gravity, as seen in Figure 2.3. They assumed that the wrinkles arising had cosine shapes, and 
by looking at the equations of equilibrium it could be said that each tension strip, located between 
the wrinkles, helped to carry some of the load of the above wrinkle. This proved that there had to be 
in-plane stresses which helped to carry the load. From this, they developed equations to estimate 
how much the critical compressive stress was before another wrinkle had to be formed. This theory 
enabled the prediction of wrinkle details. 
 
Figure 2.3: Hanging blanket experiment devised in Rimrott & Cvercko (1985). 
The above summarises very briefly ways in which membrane wrinkling has been studied 
analytically in the past. However, none of the theories described apply to the present case as they 
are limited to certain geometries and loading conditions and some of them do not give wrinkle 
details. As highlighted in Wong (2003), these theories cannot be used to predict the stress fields in 
square (and hence polygonal) membranes and in fact it is also said that until then, no study 
addresses the stress distribution in square membranes. 
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Given the difficulty of these theories to predict wrinkle details accurately, thin-shell theory 
was developed to analyse membrane wrinkling specifically (Epstein, 2002; Wong & Pellegrino, 2003). 
It was assumed that membranes should be considered as thin shells with a bending stiffness, as 
opposed to most of the previous theories developed which assumed membranes did not have any 
bending stiffness. It was found that by analysing the post-buckling response of the shell, the 
amplitude and wavelength of the wrinkles in the membrane could be obtained (Sleight et al., 2002).  
The first study belongs to Wong and Pellegrino (Wong & Pellegrino, 2003; Wong, 2000; Wong, 2003), 
and the procedure is explained here in more detail.  
First, given the nature of the analysis, the stress field inside the shell needs to be obtained, 
to understand how the stresses propagate. This is essential to find buckling loads. The difficulty to 
predict accurately a stress field for a square membrane loaded on its vertices is highlighted in Wong 
(2003). To do so, a number of different possible stress fields are chosen on the basis they all satisfy 
equilibrium, as shown below in Figure 2.4. It is assumed that there is no compression in the stress 
fields.  
 
Figure 2.4: Stress fields assumed in square membranes by Wong. Calculations are made to check the validity of the 
stress fields. (a) and (b) are for uniform tensions, (c) is for when the ratio  T1/T2 is higher than 1 but opposite stress fields 
still do not touch and (d) for when T1/T2 has increased furthermore and two opposite stress fields are in contact: for this 
to be possible, unstressed regions are located along the edges. This is taken from Wong (2003).  
The authors then use an upper bound complementary energy method to predict which of 
the approximated stress field corresponds best to reality (Calladine, 1989). Through a series of 
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calculations involving the stresses and the strains in a given stress field, the stress field with the 
lowest upper bound can be found and is assumed to be the best approximation. In this case, the 
stress field shown in Figure 2.4(b) was found to be the correct stress field for a square uniformly 
loaded on its vertices.  
From this result, and using the geometry of the stress field and of the membrane, the stress 
could be estimated in the different parts of the membrane. The following stress was found in the 
uniaxial region, close to the four corners: 
    
 
√   
 
 
(2.4) 
 
 
In this equation r is the radius which has origin at the corner point and t is the membrane’s 
thickness. The stress in the biaxial region in the centre of the membrane is calculated using this same 
equation with the value for the radius being equal to half the side’s length. Also, a small area close to 
the corners is also assumed to be biaxially tensioned to avoid stress singularities, and the stress 
there is calculated by using an assumed radius in the above equation. 
The stress field for other load ratios can be found too using this same method. The evolution 
of the stress field as the ratio between the disparate corner loadings, T1 and T2, increases is 
evaluated. The stress fields for this are shown in Figure 2.4(c) and Figure 2.4(d).  
The stress field shown in Figure 2.4(c) is valid until a critical ratio, at which the two opposite 
stress fields generated by T1 join in the middle of the membrane. This ratio can be calculated by 
knowing that the loading is proportional to the radius of the stress field: 
 
  
  
 
  
  
 
 
(2.5) 
 
Hence, given the geometry, the critical value at which the stress fields join is     ⁄  
 (√   )⁄  for a square membrane. This ratio is of importance towards the prediction of the 
wrinkled regions. Before this critical ratio is reached, it is assumed that the wrinkles are present 
locally on the four corners of the membrane. At the critical ratio, the local wrinkles from two 
opposite corners join and large diagonal wrinkles are created. As the ratio is increased furthermore, 
the stress field in Figure 2.4(d) becomes valid. For stress fields from two continuous corners to 
touch, a region close to the side of the membrane needs to be un-stressed. This makes the stress 
fields compatible when they join. This forms the basis of the stress field for a square membrane as 
predicted in Wong (2003), and is similar to the one in other reports such as Wang et al. (2007). 
According to the wrinkling criteria defined earlier, it would be expected that the uniaxial 
regions are wrinkled as the second principal stress is equal to zero and the biaxial regions are taut as 
both principal stresses are positive. However, a method to refine the location of the wrinkled 
regions is given, and some of the uniaxial regions do not experience wrinkling. 
The new wrinkling criteria is obtained by saying that wrinkles will occur in the uniaxially 
tensioned region if the geometric strain is greater than the material strain capacity, which can be 
calculated knowing the properties of the material. Knowing the amount of extra geometric strain, 
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and starting with the formula for the buckling stress of a plate, an expression is derived for the 
number of wrinkles, the wrinkle half-wavelength and the wrinkle amplitude. More details are given 
in Chapter 5, where this theory is used as the basis of work done to predict wrinkles in polygonal 
membranes. 
The theory is then validated numerically with the results obtained from a FEA and with an 
experiment with different loading ratios.  Further details concerning these methods are given in the 
next sections. In general, the results match well and good results are obtained over the range of 
tensions studied. However, some differences exist as wrinkle numbers appear to be slightly over-
estimated and, as a result, wavelengths are under-estimated. Amplitudes are in the correct range for 
uniformly loaded membranes, but estimates are up to 85% higher than the experimental results for 
the amplitude of wrinkles in the asymmetric loading case. It is mentioned that better accuracy can 
be obtained by using certain tricks, such as inputting the corner displacements of the membrane 
obtained from FEA (Wong & Pellegrino, 2003).   
Following this work, Cunliffe (2003) used this theory to perform a similar analysis on 
isosceles triangular membranes.  The errors in the results obtained experimentally were of the order 
of 30% for the wavelength and 106% for the amplitude compared to the theory. He suggested that 
this was due to the lack of consideration of the curling of the sides of the membrane in the model, 
which accounts for 30% of the wrinkled area. However, as will be seen in Chapter 3, the predictions 
are expected to be less accurate for isosceles triangles such as the one studied by Cunliffe, as the 
assumptions made by Wong only apply to regular polygons and the stress field for an isosceles 
triangle is not the same. There does not exist a general extension of the theory to n-sided polygonal 
membranes. As will be explained in Chapter 3, the prediction of the stress field using Wong’s 
method is problematic, as incompatibilities arise when the number of sides reaches six.  
Given that this theory is based on thin-shell theory, this problem can be considered as a 
simple plane-stress elasticity problem. Predicting stresses close to corners can be achieved through 
Airy stress functions, such as those for a tip wedge since this is similar in geometry to the corners of 
polygons. This type of analysis would only be valid for stresses near to the vertex, and was recently 
suggested in Wang et al. (2008), but it only remained as a suggestion for no comparison or 
calculations were performed. Furthermore, according to this report, the use of Airy stress to predict 
corner stresses could explain the appearance of compressive stresses in the plate, which would arise 
as soon as the tension forces are applied un-evenly, making the problem non-linear. This assumption 
is not supported by any calculation either. 
2.3.2.2 Finite Element Analysis (FEA) 
The use of FEA to predict wrinkle details is invaluable as it is complex, not to say impossible, to 
replicate the space conditions experienced by very large membranes in a laboratory.  FEA can be 
used to check the assumptions made in the theoretical models and also to analyse shapes and 
boundary conditions which cannot be solved analytically. Nevertheless, FEA is a tool which faces 
difficulties with membranes.  Membranes are locally very unstable structures and the modelling of 
wrinkles is complicated to replicate.  Different approaches have been developed over the years to 
redress matters: there exist different FEA procedures, most of which are directly derived from the 
theoretical work described above. For this reason, in a similar way as the theory, some of the FEA 
methods can only predict wrinkling regions and pattern. More details are given below.  
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The “Penalty Tension Field Parameter” method is based on the tension field theory. A 
parameter is introduced to give the membrane some stiffness in the wrinkled direction and the 
method is successful in predicting the wrinkling regions and directions. The Iterative Membrane 
Properties (IMP) method is another method, based on the theory developed by Stein and 
Hedgepeth. The material properties are modified depending on whether the membrane is taut, 
wrinkled or slack. More precisely, the method modifies the membrane’s stiffness until no more 
compression is present.  The IMP method was implemented into ABAQUS by Adler and Mikulas 
(Sleight et al., 2002) and gave results on wrinkled regions and patterns. Most FEA software programs 
have the option of having a no-compression material, where compression in not permitted in the 
structure. This can be usually applied to membranes, where the compressive stresses are set to zero, 
as well as the stiffness of these elements. Using this approach, only limited information can be 
obtained and hence only wrinkle regions can be predicted but not their detailed properties. Finally, 
the membrane can also be modelled as a thin shell rather than as a membrane, and the stresses can 
be predicted by doing a simple linear analysis. Whilst further analysis is required to predict wrinkle 
regions and details, as will be shown in the next section, this method can be used to predict the 
location of compressive regions, which already gives a good understanding of where wrinkles will 
arise.  
In Wong & Pellegrino (2003) a comparison between the stress field predictions for a square 
membrane obtained from three different FEA methods is performed. The methods use thin shell 
elements, standard membrane elements (no compression allowed) and finally membrane elements 
with modified material definition using the IMP method. The main conclusion is that the stress field 
predicted is the same for ratios of     ⁄  up to two in a square. However, after this ratio, the 
standard membrane model’s predictions are not as accurate which means that this model has 
limitations. Thin-shell elements give a good prediction, and this confirms the assumption that 
membranes do have some bending stiffness and should be considered as shells. The IMP method is 
also correct for predicting the extent of the differently stressed regions. 
Typical results obtained with these methods for square membranes tensioned at their 
vertices only regarding stresses are shown in Figure 2.5, based on the results from Blandino et al. 
(2002). The first principal stress profile in Figure 2.5(a) clearly shows some areas of high stress 
concentrations next to the corners, as the contour lines are close to each other.  The second 
principal stress in Figure 2.5(b) shows areas of negative stresses next to the corners.  The wrinkled 
area, represented by the negative second principal stress, is shown in Figure 2.5(c) designated by the 
white colour: the wrinkle regions are localised along the edges and next to the corners of the 
membrane.  In this study, it is mentioned that the amplitude of the loads applied to the corners do 
not alter the wrinkled regions.   
These results differ slightly from complementary experiments in terms of size of the 
wrinkled zone: even though the shape is similar, the experimental wrinkles propagate further into 
the membrane.  Other reports show a similar phenomenon, and compressive stress predictions 
appear to under-estimate the extent of the wrinkled regions. 
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Figure 2.5: Plots of the first principal stress (a), the second principal stress (b) and the wrinkled area in the membrane (in 
white) (c) from Blandino et al. (2002). For the principal stresses, as the square’s stress field gets darker in shade, the 
stresses get higher. 
Comparing FEA results to the predicted stress field from theory, Cunliffe (2003) observed 
that the theoretical model assumes a constant first principal stress at a given radius, but that the FEA 
model gives a variation of stress along a given radius. This difference is said to accentuate as the 
distance from the corner is increased.  This influences the region at the centre which does not have a 
shape similar to the one predicted by the stress field.  For a triangular membrane, the theory 
predicts a triangular region in the centre, but a circular region is observed in the FEA results as seen 
in Figure 2.6.  According to the author a “complicated stress field” is observed at the boundary 
between the uniaxial and biaxial region. 
 
Figure 2.6: Comparison of the theory predicted by Cunliffe (2003) and the actual observations made on the FEA.  Only 
half of the membrane, shown on the left image, is shown on the right-side analysis due to symmetry.  A cut has been 
made along the vertical dashed line.  It can be seen that the region in the centre of the membrane differs in the FEA 
predictions. 
Whilst several attempts were made to predict wrinkle details using FEA, the one developed 
using thin shell theory was seminal and most accurate. The method was then adopted in many 
publications and is still used widely. Wong and Pellegrino (Wong & Pellegrino, 2003; Wong, 2000; 
Wong, 2003) were first to use this method, which they developed with the aid of the commercial 
FEA program ABAQUS (Hibbitt et al., 2001), and the procedure is described here. 
A linear analysis is first performed in which the membrane, made of shell elements, is pre-
stressed to start with. This predicts the stresses in the membrane as described in the previous 
section. With the stress field obtained, an eigenvalue analysis is performed, which results in the 
generation of out-of-plane deformations which are in the shape of wrinkles. These deformations are 
introduced as initial imperfections in the mesh which is then used as the basis of a non-linear 
(a) (b) (c) 
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analysis. Without these imperfections, a non-linear analysis of a flat shell would remain flat. Later 
analysis showed that even though deformations obtained from eigenmodes are used as initial 
imperfections in Wong (2003), any type of deformation seems to initiate the non-linear analysis as 
long as the deformations’ amplitude are within a certain range. Questions on how to create this 
deformation and how it affects the membrane have been investigated in Wang et al. (2008) and in 
Tessler et al. (2005) but the approach to the problem still differs from report to report, as seen in 
Wong & Pellegrino (2003), Wang et al. (2007) and SAMTECH (2006b).   
Using this procedure, results of two load cases are analysed: one with uniform tension 
applied on all the corners and the other one by applying larger loads on two opposite corners. For 
the uniformly loaded square, wrinkles form close to the corners, as seen in Figure 2.7 and FEA 
compares well with theory in terms of the applied load and the corner displacements and reveals 
accurate wrinkle details. However the approach requires a very fine mesh, with simulations taking 
up to several days.   
 
Figure 2.7: Visual result of the FEA program used by Wong and Pellegrino (2003) when the four corners are equally 
loaded.  The wrinkles, which have been scaled up 100 times, can clearly be seen at the corners. 
Shortly after this method was developed, various papers replicated the procedure using 
various FEA software packages. Results generally reproduce Wong’s reference results with accuracy, 
provided care is taken during analysis (Wang et al., 2007). According to certain reports, e.g. Epstein 
(2002), obtaining results can still be problematic: “although the phenomenon is known to be a case 
of shell buckling, it seems unwise to utilize this knowledge in actual computations because treating 
the membrane as a shell with a vanishingly small thickness leads to the frustrating effects of 
numerical instability”.  
2.3.2.3 Experiment 
Experiments are essential to verify the validity of the out-of-plane deflection details predicted by 
theory and by FEA. Membrane experiments require careful design and this subsection highlights key 
arts. It is divided into two halves: image capture techniques are discussed and, experiments to 
generate membrane wrinkling are considered. These will show that, amongst other disturbing 
factors, membranes are vulnerable to small defects in boundary conditions, static attractions and 
even minor defects in manufacturing.   
One of the main challenges when doing experiments is capturing out-of-plane 
displacements, which are essential for understanding the shape of the membrane. Non-contact but 
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accurate approaches are required because of the small amplitudes of some wrinkles and their high 
sensitivity to disturbance.  Different measuring techniques have been used in various experiments 
using CCD lasers, projection moiré interferometry, light detection and ranging systems (Wong & 
Pellegrino, 2003; Wang et al., 2007) amongst others. Jones et al. makes a summary of some of these 
techniques in Jenkins (2006), and highlights the difficulty in finding an ideal method. These 
techniques all have advantages but also have negative aspects, such as the restriction of 
measurements along a straight line or a large amount of noise in the results.   
Recently, photogrammetry has become popular.  By definition, it consists of taking 
photographs of objects, whilst using a method which allows the measurement of features through 
these photographs. One of these methods consists of projecting thousands of dots onto a flat 
membrane and finding how they are affected when the membrane is disturbed (in some techniques 
the dots are directly printed on the membrane rather than projected (Wang et al., 2007)).  Several 
cameras take simultaneous pictures from different orientations and the pictures are then analysed 
to create a three dimensional image.  Measurements can be made directly, reaching down to 25 µm 
in precision (Pappa et al., 2003).  However, this technique has some disadvantages, such as the 
appearance of “hot spots” due to the high reflectivity of the membrane and the requirement of 
relatively long exposure times, up to 30 seconds (Dorrington et al., 2004).  Improvements in this 
technique have already been found and tested.  A laser-induced-fluorescence-based target 
generation technique has been created where a laser replaces the white light for dot generation 
(Dorrington et al., 2004).  This approach is said to be better than the previous one and works both 
for reflective and transparent materials, with reduced exposure times.  However, a constraint is that 
the material needs to be altered at its manufacturing stage, by introducing dye in the composition of 
the material, so that the laser can be correctly reflected: optical filters on the cameras also need to 
be used and four to six cameras are needed simultaneously for the generation of the results 
(Dorrington et al., 2004).  Even though these constraints need to be respected, this approach was 
innovative due to its high precision in comparison to previous photogrammetric techniques. As can 
be seen from the large number of papers written on this topic, attempts are still being made to find 
a perfect technique to capture membrane wrinkling. The technology in this field is evolving quickly.  
Concerning experiments, many of them analysing membrane wrinkling have been 
performed with various boundary and loading conditions, but only relevant work done on polygonal 
membranes loaded at their vertices is mentioned here.  
Blandino et al. (2002) studied wrinkles by drawing contour plots of out-of-plane 
displacements from a square membrane loaded uniformly at its four corners.  It was observed that 
the number of wrinkles increased as the load increased but that their amplitude decreased.  Some 
curling was observed on the edges of the membrane.  The contour plots also indicate the direction 
the wrinkles take when emanating from a corner and, according to the authors, this compares well 
with the direction of the first principal stresses found from FEA. It was observed that the wrinkled 
region did not change with higher loads and also that the length of wrinkles was larger than the 
compressive region predicted with FEA.  
Experiments made by Wong and Pellegrino (Wong & Pellegrino, 2003; Wong, 2000; Wong, 
2003), with the same square membrane showed similar trends even though wrinkle characteristics 
varied. The wrinkled regions remain the same under different load levels and mode jumping, which 
Chapter 2: Literature review 
 
27 
 
is the sudden formation of a new wrinkle, was also observed as the number of wrinkles increased 
under increasing loads: this is a natural consequence of wrinkle reformation. Experiments for 
different load ratios on the corners showed that for as long as the force ratio of loaded and less-
loaded diametral corners does not exceed two, a flat area is present at the centre of the membrane 
and wrinkles are localised at the four corners.  However, at a higher ratio, a large diagonal wrinkle 
forms between the highly loaded corners as seen in Figure 2.8.  This mode jumping is analysed more 
precisely in another report (Wang et al., 2007), as seen in Figure 2.9.  The graph shows that a certain 
load is needed before a sudden and large contraction occurs in the centre of the membrane.  Precise 
measurements of the surface from one corner to another as reported in Wong (2000) show that, 
until this critical force is reached, both the wavelength and the out-of-plane deflection are non-
existent at the centre of the membrane.  It has also been noticed that for those wrinkles to appear, 
the membrane in the centre contracts, pulling the material located on its sides.   
The complexity of obtaining accurate results in experiments is shown as soon as 
comparisons are made between different reports.  As an example, the decrease of amplitude of 
wrinkles as load increases stated in Blandino et al. (2002) is contradicted in Wang et al. (2007), 
where the amplitude of the wrinkles is said to increase in proportion to the tension applied. As a 
final point, the behaviour of wrinkles after a certain period of time was studied.  It has been 
observed that the wrinkles’ amplitudes tend to decrease with time whilst loading remains constant, 
suggesting a repositioning of and possibly material creep of wrinkles (Ruggiero & Inman, 2006).   
 
 
Figure 2.8: Setup of the experiment of Wong and Pellegrino (2003), shown in this picture under a load ratio of 4 (upper 
left and lower right corners loaded four times more than the other two corners).   
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Figure 2.9: Graph taken from Wang et al. (2007) showing the contraction of the material against the force applied on 
two opposite corners.  A sudden jump can be observed once a critical load has been reached, which corresponds to the 
first wrinkle forming on the membrane. 
2.3.3 Wrinkle mitigation 
Wrinkle mitigation techniques have not been studied thoroughly and, as stated in a 2006 review of 
gossamer structures: “none of them [studies] addresses the specific issue of wrinkle elimination and 
membrane shape control in gossamer structures” (Ruggiero & Inman, 2006).  One of the reasons is 
that a good understanding of wrinkle formation is necessary before starting to study mitigation 
techniques.  With recent advances in the comprehension of wrinkles, mitigation techniques are 
starting to be considered and details of the work achieved are recorded below. 
One passive approach suggested consists of using lightweight catenary cables attached to 
the boundaries of the membrane (Sakamoto et al., 2007).  According to its authors, this solution can 
preserve a biaxial stress throughout the membrane, even under disturbed conditions.  The authors 
explain that the design shown in Figure 2.10(a) is the most mass-efficient, and one of the best in 
terms of wrinkle mitigation.   Cables are bonded to the membrane and are being pulled at regular 
intervals.  To validate their hypothesis, the authors made a FEA model based on tension field theory 
to predict wrinkled regions. They apply some disturbances to the four corners as shown in Figure 
2.10(b) in order to observe some eventual membrane wrinkling.   The proposed design shows very 
good results, with the first wrinkle appearing after relatively large displacements.  Nevertheless, the 
setup has not been tested experimentally and the force caused by the displacement is not 
mentioned.   
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Figure 2.10: (a) shows a web-cable girded membrane design (Sakamoto et al., 2007).  The membrane, in the middle, is 
surrounded by the cables which are uniformly spread around its edges.  Some tension is applied on the four corners. (b) 
shows the disturbance applied to the membrane’s corners. The upper and lower corners are stretched over a 
displacement of u, whereas the left and right corners are compressed under a displacement of v. 
An alternative approach is suggested by Cunliffe (2003) who proposes two solutions towards 
wrinkle mitigation. A simple FEA based on thin-shell elements on an isosceles triangular membrane 
showed different stress propagation in the membrane when small tab changes were performed, and 
so he decided to analyse different tab geometries, as shown in Figure 2.11.  The tab shown in Figure 
2.11(a) and which was used in previous studies produced the most amount of compression close to 
the corners. The other tabs produced less compression: indeed the use of tabs (b) and (d) in Figure 
2.11 was recommended, as these produced the least compression. However, it was noted that the 
tabs only had a local effect on the first principal stresses: little difference was observed between the 
different tabs as soon as a small distance from the corner was reached.   
The second test performed by Cunliffe was to trim the edges to remove the curling he 
observed, and which was reported as a recurrent topic in literature. The effect, as seen in Figure 
2.12, dramatically alters the compressive regions: a 1% trimming of the edge takes away most of the 
compressive regions and from 2% onwards, no more compression is present in the membrane. Note 
the trimming is expressed as a percentage of the edge’s length.  
(a) (b) 
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Figure 2.11: The different tab geometries tested by Cunliffe (2003).  The most efficient tab is the convex tab shown in (b) 
followed directly by the wide tab shown in (d). 
 
Figure 2.12: Membrane analysed by Cunliffe (2003) with edge trimming. l is the length of one edge, Rt is the radius of the 
trimming circle and dt is the maximum trimmed distance perpendicular to the edge of the membrane.  
Later work performed by the Canadian Space Agency in Wang et al. (2008) found similar 
benefits from trimming the membrane’s edges. In this report, it is said that trimming the edges is 
something that has been seen for some time with membranes, but that it is being done “from 
intuition” rather than from calculations. They give the example of one design of the sun shields for 
the JWST, in which membranes with trimming were designed. However, it is highlighted that there 
exists no theoretical, numerical or experimental studies which validate the effects of trimming and it 
is said that the cut depth is usually chosen randomly. The report then shows how trimming the 
edges is beneficial, according to FEA, on the wrinkles generated by a square loaded on its vertices 
similar to Wong’s, with a load ratio of 4:1, on the wrinkles’ amplitudes and regions. The report then 
explains that it is likely that trimming is beneficial given that stresses are spread more uniformly at a 
given radius for smaller angles according to Airy stress functions on wedges. They conclude that the 
action of reducing the corner’s angle decreases wrinkling capabilities.  
Chapter 2: Literature review 
 
31 
 
Other wrinkle mitigation solutions that change the membrane more thoroughly are 
mentioned in other reports. As an example, one suggested the application of a liquid coating to the 
membrane which would dry when deployed and hence apply a pre-stress, leaving the membrane 
under tension (Ash et al., 2004).  This method would also give the membrane a curved shape if 
required by applying these stresses but this solution consists of changing the membrane materials 
and possibly the optical properties. 
Another proposal is to use the gores and seams which are created during the manufacturing 
of large membranes to act as a supporting structure (Jenkins & Schur, 2002). Seaming is necessary 
when manufacturing membranes larger than ten metres.  Consequently, the authors in Jenkins & 
Schur (2002) look at the anatomy of animals, such as bats, and a similar concept to their deployment 
of wings is suggested for membranes.  The combination of the cartilaginous elements and tendons 
creates a flat surface which can be controlled.  With membranes, this compares when applying 
forces on the seams only, which will then act on the membrane and potentially make it flat: this will 
enable shape control but also control of the stress distribution in the membrane.  However, no 
specific wrinkle mitigation technique is given and the idea is left as a design consideration. 
Whilst membranes are also widely used in architecture, it is rare to see flat membranes as 
they usually all have some curvature and out-of-plane shapes. In these cases, cables are usually used 
along the edges of the membrane to keep the entire membrane under tension. Techniques of form-
finding are used to determine the final shape of the membrane. These techniques usually assume 
that stresses in the membrane need to be as uniformly spread as possible. The first approach used 
soap-films to predict the shape of the membrane, given that soap-films cannot handle compression. 
Hence, making physical models using this technique ensured that the geometry of the shape 
attained would be in pure tension. However, for polygonal membranes this would involve having 
continuous boundaries in the form of cables. FEA solutions for form-finding were then developed 
based on these assumptions, and the final shape was found by ensuring that the membrane is in 
equilibrium and respects defined boundary conditions at the same time. Different methods have 
been proposed for form-finding and, as an example, a freeware website was created based on the 
method of form-finding with the Updated Reference Strategy to find the optimum shape of a 
membrane by only inputting the 3D coordinates. Results for a flat square membrane have been 
calculated and the scaled version of the result is shown below in Figure 2.13. As seen in this figure, 
the central arc displacement represents 11.8% of the edge’s length. This implies that with this 
mitigation technique, a relatively large area of the membrane is cut away and hence cannot be used. 
This can have consequences, especially if the membrane is to be used for reflective purposes. 
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Figure 2.13: Ideal membrane shape for a flat square membrane as calculated from Membranes24 (2011), using a form 
finding method. The only manual task was to enter the four corner coordinates in the program. 
The main difference with the FEA solutions and the soap-film physical model is that a 
maximum ratio of stresses in the “warp” and “fill” direction of the fibres can be given. In the soap-
film, the ratio can only be one due to the nature of the film: in the FEA the ratio can be increased 
depending on the material used. Whilst most architectural membranes are three-dimensional in 
shape, they generally have curved edges. Also, the membrane thickness is usually much greater than 
the one used for space-reflectors and this helps towards wrinkle mitigation. Corner reinforcement is 
also seen frequently, but despite these techniques, it is common to see wrinkles in the corners of 
these structures, as shown below in Figure 2.14. A lot of literature exists regarding the use of 
membranes in architecture, and the exact procedure of form-finding and what is involved is 
explained more thoroughly in Koch (2004) and Huntington (2004). 
 
Figure 2.14: Wrinkles seen in the corner of a membrane in Cardiff Bay visitor’s centre. It can be seen that tension cables 
are present along the edges and the corner’s thickness has been reinforced but wrinkles are present anyways. 
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2.4 Chapter Summary 
In the first part of this chapter, it was established that there exists a high number of design 
possibilities for the primary mirror of future space-telescopes. The main difference between the 
designs is the shape and amount of curvature of the reflector as well as its size. Despite these 
various design possibilities, it is clear that the accuracy requirements are very high for primary 
mirrors, on the order of nanometres for the reflector structure. However, given that no membrane 
reflector has ever been used in space applications as a primary mirror, there does not exist a specific 
design. It is only known that the design will have to be lightweight, compact during launch and 
simple in order to limit the possibility of errors. Given these requirements, and as explained in 
Chapter 1, regular polygons tensioned at their vertices are a good option to satisfy these 
requirements. In the second part of this chapter, it is seen that little work has focussed on studying 
the stresses and out-of-plane shape taken by regular polygonal membranes tensioned on their 
vertices and that only triangles and squares have been looked at. There does not exist techniques to 
compare the characteristics of n-sided polygons and it is not clear what the deformed shape of the 
polygon should be if used as a primary mirror given that wrinkles are observed in triangles and 
squares. These wrinkles have been analysed for these two geometries through experiments, FEA and 
theory and, even though the predictions were generally successful, some understanding of 
membranes’ behaviour is still missing, e.g. the best theoretical model is based on assumed stress 
fields and the image capture of the experiments are limited. Also, the literature shows that a limited 
amount of work has been done on wrinkle mitigation techniques and on the shape attained by 
pressurised membranes. 
In the next chapter, stress fields are considered with the aim of improving the current 
solutions and also to check the validity of their assumptions. This is important as wrinkles are a 
direct consequence of compressive stresses, and these need to be accurately identified before any 
realistic wrinkling region predictions can be made. Also, as noted, little is known about polygons with 
more than four sides and this lack of knowledge could impact the future design of space reflectors as 
predictions cannot be made for these polygons. Chapter 3 aims to remedy these issues, in order to 
have a broader and more formal understanding of stresses in n-sided polygonal shapes. 
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3.1 Introduction 
In this chapter, a linear stress analysis of polygonal membranes is performed. Linear elastic 
behaviour with small strains and plane stresses is assumed, in which the shell behaves elastically. As 
reported in the previous chapter, accurate analysis of the stresses is important as compressive 
stresses, which can result in wrinkling, can be identified. A number of factors are responsible, such 
as the direction and ratio of forces applied to the membrane, boundary conditions and general 
membrane geometry. A good understanding of these issues can help towards controlling the 
compression in the membrane and hence, reducing wrinkling. Regular polygons are treated first, as 
they form the basis of possible future space telescope mirrors. Different methods to analyse stress 
fields are proposed and compared. The location of stresses as well as their magnitude is determined, 
with an emphasis on locating compressive stresses. Non-regular polygons are then studied in a 
similar fashion.  
3.2 FEA procedure 
The theoretical results obtained in this chapter need to be checked, and for this purpose a simple 
FEA is made to evaluate the correctness of the stress fields obtained. The prediction of linear stress 
fields in membranes with FEA is relatively straightforward as seen in the previous chapter: a 
standard linear analysis performed using shell elements gives accurate results. The analysis uses the 
software Samcef (SAMTECH, 2006a), with the “ASEF” module, which finds the static response of an 
elastic structure. The elements used are triangular and are automatically generated by Samcef. More 
details on the selection of the FEA software will be given in Chapter 4, but it was chosen for its 
accurate out-of-plane displacements predictions. All the results were generated on a standard Intel 
Core 2 CPU PC of 2.66GHz and having 3GB of RAM. The number of elements used varied depending 
on the accuracy of the stress field required, but is usually between 50 000 and 300 000 for the scales 
studied. Despite the number of elements varying, all the stress analyses were performed in a 
relatively small amount of time, ranging from a few minutes to a maximum of one hour. 
3.3 Standard Stress Field 
As detailed in Chapter 2, the in-plane stress field in a square membrane has been studied by Wong 
(2003). To generalise the results obtained for a square and using the same assumptions, which will 
be tested later, the stress field can be derived for n-sided regular polygons.  
Figure 3.1 shows the corner of a membrane with vertex semi-angle α, loaded with tension T, 
acting in the radial direction on each corner. Considering a free-body close to each vertex, and 
denoting    as the uniaxial tensile stress radiating from each corner, then it can be shown that: 
 
   
 
       
 
(3.1) 
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t is the membrane thickness and r is the radial distance from the vertex. From this equation, it can 
be seen that the stress is assumed to be constant at a constant radius, whilst the hoop stress is zero. 
r
T
α 
σr
σθ 
 
Figure 3.1: Focus on the corner region of a n-sided polygon with semi-angle α and under tension T, with radial stress σr 
constant at constant radius and hoop stress σθ equal to zero. 
This formula can be applied close to the corners of both uniformly and non-uniformly loaded 
membranes, to describe the stress field throughout the membrane. For the uniform load case, as 
seen in Figure 3.2(a), the assumption is that there is a uniaxial radial tension close to each corner 
and that the biaxial region represents a large region in the centre of the membrane. For geometric 
compatibility, the uniaxial stress fields have a maximum radius r=R, where R is equal to half of the 
membrane’s edge length. The biaxial region’s boundaries are limited by the uniaxial regions and the 
stresses are assumed to be equal in all directions: they are calculated by substituting r by R in 
Equation (3.1). 
The next step is to look at non-uniform load cases, in which diametral wrinkles are expected. 
The assumption made in Wong (2003) is that for a wrinkle to form, the uniaxial stress fields need to 
join somewhere other than along the edge of the membrane. Such an example is seen in Figure 
3.2(b) in which forces T1 in a six-sided polygon are increased in two non-juxtaposed corners only. 
However, the assumption for this stress field appears to be unfeasible as soon as polygons with six 
sides or more are studied. In the case shown, if loads T2 are applied to any other corners, a new 
uniaxial stress field is created and superposes with the other larger uniaxial stress field already 
present. This superposition invalidates the assumption that each vertex has a uniaxial stress field, as 
their directions do not match when superposed. The assumptions made are therefore not 
compatible with the geometry of the membrane and the derivation of this method to find stress 
fields for non-uniformly loaded n-sided polygons is compromised.  
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Figure 3.2: (a) shows the stress field assumed when all the vertices are equally loaded. (b) shows the stress field 
assumed in a six-sided polygon tensioned at two opposite vertices with higher tension forces T1. It can be seen that 
when the two individual corner stress fields join in the middle, there is no possibility for stress fields from other corners 
to develop given that the stress fields would not be uniaxial anymore in the areas shown by the red circles. 
3.4 Airy Stress fields 
3.4.1 Introduction 
In the previous section, the standard stress field assumes constant principal stress at constant radii 
from the corner of the membrane. According to the results obtained for a square in Wong (2003), 
this analysis was satisfactory to analyse membranes. However, as seen in the above section, some 
incompatibilities are found when looking at n ≥ 6.   
In Figure 3.3 below, the first principal stress field for a uniformly tensioned triangular 
membrane obtained by FEA is shown in detail. The result shows that the stress field is composed of 
three distinct regions: a region close to the corners, one close to the centre, and one region 
connecting these last two regions. First, the region close to the corners is of circular shape, but with 
centre of the circles not located at the corner point unlike the one from the assumed “standard 
stress field”. Then, the region close to the centre is circular with centre of the circle in the centre 
point. Finally, there is a region in which the stress field does not have a specific shape: the transition 
region which connects the two regions previously mentioned.  
(a) (b) 
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Figure 3.3: Shape of the first principal stress field in a uniformly loaded triangular membrane, with a high number of 
contour lines which show how the stress field changes. The corner areas are left blank as the resolution does not show 
any useful information. Also, whilst this figure shows the shape of the stress field, the colours shown are not relevant: in 
order to increase the resolution, similar colours do not necessarily show similar magnitude of stress. Details about 
magnitudes will be given in a later section. 
Given these descriptions, another approach than the “standard stress field” prediction is 
needed to predict stresses more accurately and in a more formal way for n-sided regular polygons. 
One option is to use Airy stress functions, and to treat the situation as a problem of in-plane linear 
stress. In general, Airy stress functions can be applied to find the stresses in a number of problems, 
two of which are of greater interest in the present case.  
First, the circular region close to corners can be studied by using an Airy stress function 
applied on a wedge. As stated in Chapter 2, the use of this method was suggested in Wang et al. 
(2008), but no work has been done on it in terms of comparison with the stresses found in 
membranes. This solution could be used to estimate the shape and magnitude of the stresses close 
to the corners of membranes, where only the influence of the studied corner is of importance. 
However, as distance from the corner increases predictions would lose in accuracy due to the 
influence of other corners but also due to boundary conditions, which are not respected in this 
stress function. Concerning the stress field at the centre of the membrane, it could be assumed that 
the overall polygonal membrane can be approximated to a disk on which forces are applied at 
constant intervals in a direction normal to the circumference. Given that the stress at the centre of 
the polygon is of interest, it can be assumed that the difference in geometry between a circle and a 
regular polygon close to the edges can be neglected. This is a Saint-Venant effect, as described in a 
number of texts such as von Mises (1945) and Bower (2010), where the far-field stresses are not 
affected by local variation in geometry at the point of loading. If this is the case, two solutions exist 
with Airy stress functions to predict the stresses in a disk tensioned on a number of points around its 
boundary: 
 The first solution is based on the work done by Hertz and Love, which Von Mises makes a 
summary of in von Mises (1945). The solution is an Airy stress function for a circular disk on 
which external forces are applied at given locations on the circumference. The main 
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condition for the stress function to be valid is that the forces need to act in such a way that 
the disk is under equilibrium. The stresses at any point in the disk can be found using 
equations which are derived from the Airy stress function obtained and these are shown in 
the reference.  
 In the second solution, rather than finding the Airy stress function of a disk, geometry is 
used and two simple Airy stress functions found for a plane surface are added, after one of 
them has been translated vertically and then rotated by 180 degrees. Using geometry and 
the Airy stress definition, a stress which needs to be added to take into account boundary 
conditions is calculated. The result gives the stress field of a disk which is compressed on 
two opposite points of its circumference. This solution is present in many text books treating 
on the subject of elasticity, such as Sadd (2005) given that the solution of the problem is 
used to find the tensile stress of brittle material in the American Standard ASTM D-4123 
1987 under the name of “Brazilian” or indirect tension test.  
Neither of these two solutions have been developed for disks having n tension points regularly 
spaced around their boundary, but both solutions can be used as the basis to develop such a 
solution, which could be used to estimate the stress field at the centre of the membrane. 
Furthermore, knowing that a circle is a polygon with infinitely many sides, it is expected that the 
latter solution can be used to approximate the overall stress distribution at any point in polygons. As 
the number of side increases, the shape gets closer to a circle and, hence, the solution is expected to 
get more accurate. The following sections apply the second method to analyse the stress fields in 
the different regions of the polygon. 
3.4.2 Corner analysis 
Consider the Airy-stress function analysis of a tension load, T, on a wedge. This analysis produces the 
“Flamant” solution and is a similar problem to tension being applied on the corner of a membrane; 
the only difference is that stresses propagate infinitely far for the wedge analysis whereas in reality 
the stresses are limited by the membrane’s geometry and there is an influence from the stresses 
coming from the other corners. Thus, the results are confined close to the corner. The derivation for 
the stresses, which the basis can be found in numerous texts such as Guest (2009), is now described. 
The stress field is based on a polar coordinate system, (r, θ), where the tensile radial and 
hoopwise normal stresses are    and    respectively and the shear stress is     . For a wedge, the 
Flamant solution of the following function is looked at: 
 
 
 
          
 
(3.2) 
 
Note that in the notation, angle θ is used to show a direction and angle β to show a magnitude of 
the angle in direction θ as seen in Figure 3.4. The stresses can be calculated using a standard 
procedure which involves double-differentiation according to polar coordinates, as described in 
Guest (2009). The stresses obtained from the above function are summarised as follows: 
    
  
 
                
 
(3.3) 
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Figure 3.4: Airy stress calculation in a wedge, with semi-angle α. The first principal stress, σr , is in the radial direction 
and the second principal stress, σθ , is zero. 
      , hence, both the radial and hoopwise stresses are principal stresses.    is also zero: this 
implies that no compressive stress is carried normal to radial lines. To calculate σr , coefficient C, 
which comes from the derivation of the Airy stress, needs to be found. For an n-sided polygon, a 
general solution needs to be obtained for any semi-angle α of the vertex. Thus, equilibrating vertical 
forces, requires: 
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(3.4) 
 
where β is a variable angle starting in the axis of the tension force. Replacing    by  
  
 
      and 
integrating between the limits, produces: 
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(3.5) 
 
which can be rearranged to reveal the constant C: 
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(3.6) 
 
 
Hence, substituting back into Equation (3.3): 
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(3.7) 
 
This equation shows that constant first principal stresses are not circular with centre at the corner of 
the membrane. Using the software package Matlab, the principal stresses generated by this formula 
are compared to the stresses generated by the formula used in the standard stress field, from 
𝜎𝜃 
𝜎𝑟 
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section 3.3, to the stresses obtained with FEA, for the same loading and dimensions of membrane, of 
α = 
 
 
. The results are shown in Figure 3.5, where the analytical predictions are shown through black 
lines representing contours of equal first principal stress. The results are placed on top of the results 
obtained with FEA, for comparison. 
       
Figure 3.5: In (a), the Airy Stress field contour lines, showing equal first principal stresses, are shown in black for a 60 
degree angle (equilateral triangle), with magnitude in stresses varying from 0.01 to 0.06 MPa in 6 steps (left to right). 
The triangle is 1mm thick and tensioned by a force of 1N. In (b), the standard stress field contour lines are shown in 
black for the same angle as on the left figure. Both stress fields are superposed on the same FEA prediction of first 
principal stresses, with contour lines shown too. 
The Airy stress analysis compares very well with FEA results, both in terms of shape and in 
magnitude: the theoretical contour lines correspond exactly to where the stress changes in the FEA, 
shown by the change in colour, except for the two lines the most to the left. The reason for this is 
that the region to the left has influence from the other corners, and the biaxial region is starting to 
form. On the other hand, the standard stress field prediction is seen to predict a best-fit arc, which is 
only an approximation of equal stresses. These can be considered as a best fit curve through the 
actual stresses and give a good average value for the stresses, but fail in giving precise information. 
In Equation (3.7), the two variables are the radius r and the cosine of angle β. If the ratio of 
these variables becomes fixed, the radial stress will be constant. If this is the case, it can be seen that 
the constant stress will be located on a circular arc, which has centre C as shown on Figure 3.6: the 
circular path passes through the point where T is applied and D, the diameter of the circle, is found 
by making the ratio of these two variables constant (Guest, 2009):  
   
 
    
 
 
(3.8) 
 
Substituting back the result in Equation (3.7), the radial stress along this arc becomes:  
(a) (b) 
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Figure 3.6: The first principal stresses are equal in magnitude on the circle which has centre point C. The circle passes 
through the tension point. 
Whilst the standard stress field analysis assumes a circular stress field with centre at the 
point of application of the tension force, the Airy stress field is also circular but with a different 
centre of the circle.  
The centre of the circular stress field is located half-way between the corner and the line of 
constant stress itself and it subtends twice the corner angle, as shown in Figure 3.7. Results of circles 
of varying D, which correspond to the magnitudes calculated with FEA and which pass through the 
corner point, are shown in the same figure. It is clearly seen that the shape of the stress field can be 
accurately and easily predicted by geometric means only, until a certain radius is reached after 
which the wedge analysis is not valid anymore. 
This critical radius is calculated by looking at the overall triangle, such as in Figure 3.7. In this 
figure it is seen that the stress is predicted well on the C1 arc, however the stress is not correct on 
the next arc to the left. By looking closer at the details an estimate can be made:  
 
 
     
with l being the edge’s length of the triangle. The stress field below this critical ratio is correctly 
predicted and this is valid for any load magnitude, as long as the triangle is uniformly tensioned. 
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Figure 3.7: the Airy stress field first principal stress contour lines are extended in the whole triangle, and it can be seen 
that as distance increases from the corner, the contour lines correspond less to the FEA first principal stress predictions. 
Circles of different diameter passing through the tension point on the right are shown. They correspond well in terms of 
shape and magnitude to the stress field in the triangle, until approximately circle C1. The triangle is 0.025 mm thick, its 
outer radius is 150 mm and is tensioned by 1 N on each corner. The stresses range from 0 to 2 MPa in 10 contours with 
the highest stresses close to the corners. 
The individual stress fields from each corner cannot be extended into the centre of the 
membrane without careful thought. In Figure 3.8, the unidimensional stress fields have been 
extended for a four and six-sided polygon until they reach the centre of the membrane for a nominal 
tension applied to all corners. As n increases, more stress fields overlap each other. This explains 
why a greater number of sides in a polygon would make the central region more biaxial: a single 
point towards the centre of the membrane is influenced by an increasing number of tensioned 
corners. This figure also highlights the reason why the central point of the membrane is the only 
point which is in uniform biaxial tension: all the stress fields meet there, with the same magnitude 
but in different directions. However, using this method would not provide an accurate estimate of 
the stresses throughout the membrane: as stated earlier these wedge stress fields would not stop at 
the polygon’s boundary where the stress has to be equal to zero. The stress field produced 
theoretically in this case propagates infinitely far, and does not stop at the geometrical boundaries. 
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Figure 3.8: Assumed stress field of first principal stresses in a four and six-sided polygonal membrane. The stress field is 
complicated but more overlapping of different stress field occurs as the number of sides of the polygon increases. 
3.4.3 Global analysis 
3.4.3.1 Theory 
The method presented in the above section shows that an analysis which takes into account the 
effect of the boundary conditions is needed to predict better the stresses towards the centre of the 
membrane. A more general analysis is performed here.  
As explained earlier in Section 3.4.1, two methods exist to predict the stresses in a disk 
which has multiple loading points. The second method presented earlier is used, as a general 
solution can directly be derived from a simple Airy Stress wedge function, which the basis has been 
explained above in Section 3.4.2. In the original problem described in Sadd (2005), to find the 
stresses in a disk under two compressive forces, two Airy stress functions are superposed, after one 
of them has been rotated by 180 degrees and translated a distance D vertically downwards, as 
shown in Figure 3.9. Using the stress definition and the geometry of the problem, it is seen that the 
perimeter of the circle which passes through the two tension forces is in biaxial compression in the 
infinite half-space and, hence, if an opposite pressure is added, the original biaxial compression is 
negated and a “disk” can be extracted as it becomes a free-body with no link to the half-space. The 
disk appears to be unloaded except for the two compressive points. This is valid as long as there are 
equal and opposite forces, as overall equilibrium is required. The final solution only exists for the 
case where two opposite compressive forces are applied; and it can be thought that this solution 
could be superposed a number of times after having been rotated about the origin to obtain the 
stress field for polygons with an even number of sides. However, this does not solve the problem for 
the general case of an n-sided polygon, in particular for odd number of sides.   
(a) (b) 
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Figure 3.9: Step-by-step analysis of a cylinder under two opposite compressive forces, as it is studied in a number of text 
books (Guest, 2009). Two individual Airy stress functions in the infinite half-space are used, after one has been rotated 
by 180 degrees and translated downwards. The stress generated by each is added, and a uniform tensile force is added 
to the results to separate the disk from the half space to make it become a free-body. This can be done given that 
uniform stress is present around the perimeter of the circles. 
To make the derivation for a general case, the basic definition of an Airy stress field for a 
point load acting on an infinite half-space needs to be applied. Consider the circle shown in Figure 
3.10 with the origin of an (x, y) orthogonal coordinate system at the centre of the circle. The 
diameter of the circle is equal to D or 2R, and the radial stress for any point A in the circle, which is 
located at a distance rn and at an angle β from the y axis at the point of tension, can be found by 
using  
 
 
 in Equation (3.7), resulting in the following: 
    
  
   
     
 
(3.10) 
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Figure 3.10: Force T applies a vertical tension on an infinite half-space, but only the stresses inside the disk shown are of 
interest. The origin of the (x,y) coordinate system is located at the centre of the disk, and all angles and dimensions are 
shown on the figure. 
This stress can be decomposed in the x and y directions, respectively denoted as    and    and into 
the shear denoted as     , using Mohr’s circle. However, as angle β is measured from the y axis in 
Figure 3.10, the standard Mohr’s circle equation (Sadd, 2005) is not written in its usual form, the 
cosine and sine are switched: 
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In this case, σr and σθ are principal stresses hence the shear stress, τrθ , is zero. Also, the second 
principal stress σθ is zero by definition, as seen earlier in the definition for the wedge stresses in 
Section 3.4.2, hence this can be ignored too. σy can be found by knowing it is at 90 degrees from σx. 
The above equations can be simplified to the following: 
         
                       
                             
 
(3.13) 
 
Using the geometry in Figure 3.10, it can be found that: 
   
 
      
   
  
                
 
  
 
 
(3.14) 
 
Using Equations (3.10), (3.13) and (3.14), the stresses in the x and y directions can be calculated at 
any point A in the disk to be the following: 
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Two different steps are necessary for the rest of the analysis: after a number of forces are 
applied around the circle which has the origin of the axes as its centre, the stress at any point due to 
these forces needs to be found. Then, it needs to be checked whether the stress on the perimeter of 
the circle is constant and biaxial, and if this is the case a compressive force needs to be added to the 
solution to convert the circle located in the infinite half-space into a free-body disk. The details of 
these two steps are summarised below. 
Consider a disk on which n tension points are equally spaced around the perimeter. It is 
known that the stress field generated by each tension point will be exactly the same, except that it 
will be rotated from the origin by an angle of  
  
 
 . Hence, using the solution for the stresses 
generated by a tension point T1 located at the top of the disk, calculating the stress generated by the 
other tension points such as T2 can be done by using the rotation symmetry of the problem.  
For example, by looking at Figure 3.11, let us assume that the total stress in the x-direction 
needs to be calculated at point A, which has coordinates (x, y). Using Equation (3.15), the stress 
generated by T1 is straightforward to find.  The stress generated by T2 at A can be calculated by 
finding the stress generated at point A’ by T1, A’ being the image of A after a rotation about the 
origin of θ using the following formulae: 
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Where: 
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(3.20) 
 
 
(x’, y’) being the coordinates of A’ and ni being the tension point studied in a counter-clockwise 
direction.  
The stress in the local x and y directions as well as the shear are measured with Equation 
(3.15) where the x axis is perpendicular to the direction of T2; Mohr’s circle is then used to find the 
stress in the global x direction. The same procedure is done for all the loaded corners as well as for 
the stress in the y-direction and the shear stress. The stress is calculated for any point inside the 
circle using this method. 
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Figure 3.11: Calculating the stress at point A from T2 is the same as calculating the stress of point A’ from T1 (or T’2). 
Hence, this rotational symmetry can be used to simplify calculations. 
In the next step, and using the results obtained above, the stresses around the perimeter of 
the circle need to be found to assess the possibility of releasing the circle as a free body. The general 
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formulae for n tension points are derived below, but to make comprehension clearer and as a visual 
example, let us consider a disk on which three tension points Ti , where i represents the corner 
number, equally spaced on the circle’s perimeter by distance li , are acting as seen in Figure 3.12. 
Each tension point represents a force acting normal to the surface.  
By definition, and as seen before in Section 3.4.2, each force will individually induce the 
same first principal stress along the perimeter of this circle. So, at any point A located on the 
perimeter, the stresses going in the direction of the respective tension points,   ⃗  , will be the same: 
   
  
→    
  
→    
  
→      
  
→  (3.21) 
 
And, by definition, all the stresses normal to the direction of the individual radial stresses are zero, 
as      in the wedge analysis. 
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Figure 3.12: The stress at point A is being studied when the influence of n corners is present. It is calculated that at this 
point, the stress is always biaxial as the angles shown are always equal.  
The angles at which the forces act relative to a global axis need to be found. For this, the 
Inscribed Angle Theorem in Mathematics is used. It states that if two lines from two fixed points 
located on the perimeter of a circle meet at any point on the perimeter, then the angle at which 
they meet will always be the same. In other words, in this case, for any point A, the angle between   ⃗⃗⃗   
and   ⃗⃗  ⃗ is always θ1 and this also applies for θ2 between   ⃗⃗  ⃗ and   ⃗⃗  ⃗. But, it is also known that the 
tension points are equally spaced along the perimeter, hence l1 = l2. As a result, it can be stated that 
        
 
 
 . Hence, the angle between two consecutive tension points will always be the same 
as the angle between two other consecutive points. 
Looking back at the general case of a n-sided polygon, to find the sum of the stresses in one 
direction, let us assume in the   ⃗⃗⃗   direction, Mohr’s circle needs to be used with Equation (3.13) 
transformed back to the standard system of axes. Cosine functions are used to split the equations 
into two parts so that they can be used both for an even and odd number of tension forces. The 
following equations are derived, and the stress coming from each tension point Ti is added after 
rotation with Mohr’s circle: 
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Note that in these equations, σ does not have any subscript, as it is constant in the principal 
direction of all the tension forces. 
For n-sided polygons, it is found that Equation (3.22) is always equal to Equation (3.23) 
whilst the terms in Equation (3.24) cancel out. In other words, the tension along the perimeter of a 
circle will always be biaxial, as Mohr’s circle is reduced to a point, and a constant value of radial 
tension is present at the perimeter. The value of the compressive force, Tc , to be added to the 
results to counteract the edge effects is calculated by solving either Equation (3.22) or (3.23) and 
applying an opposite stress which results in: 
 
    
  
  
 
(3.25) 
 
 
Knowing the equations to calculate the stress and the shear at any point in the membrane, 
Equations (3.15), (3.16) and (3.17), as well as the overall compression force, Equation (3.25), which 
needs to be added to take into account edge effects, the terms obtained above are added for each 
tension point in the circle. The final set of stresses can be summarised:   
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The formulae obtained can be used to find the stresses for any uniformly loaded disk with tension 
points at regular intervals around its circumference. These stresses can then be converted to 
principal stresses using Mohr’s circle to obtain an accurate stress field. A Matlab file has been made 
to predict the stress fields using the above method, and is shown in Appendix A. 
3.4.3.2 Centre analysis of the membrane 
As stated in the introduction, the stresses at the centre of a polygonal membrane can be estimated 
by using this method, one aim is to obtain a solution for the biaxial region size in terms of number of 
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loading points. Whilst it is known that the prediction will be correct for a high number of loading 
points as explained earlier, it is assumed that even for a low number of loading points the stress 
prediction should be valid at the centre of the membrane despite the boundary shape being very 
different. To check this assumption, the centre point of the membrane is studied. By definition, as 
soon as three or more individual airy stress functions are superposed, the point in the centre is in 
biaxial tension as there is equal stress in more than two directions.  Hence the stress in all directions 
has to be equal.  
Every time extra forces (and hence extra vertices) are applied to the circle, the magnitude of 
biaxial stress at the centre point, σc , increases proportionally and its magnitude can be calculated:   
    
  
  
 
 
(3.29) 
 
To verify the validity of this method, the biaxial stress value calculated at the centre of the 
membrane with the above formula is compared with values obtained with FEA data. The results are 
shown in Table 3.1 below: 
Number of sides 
of polygon 
Theoretical  
Stress (kPa) 
FEA  
Stress (kPa) 
4 4.2 5.0 
6 6.4 6.8 
8 8.5 8.5 
Table 3.1: Biaxial stress results at the centre of the membrane, calculated on a plate of thickness 1 mm and tensioned on 
all of its vertices by a force of 1 N. Theoretical results are compared with FEA results.  
The results from both methods correspond well. The FEA results are higher than the 
theoretical results for the four and six-sided polygons.  However for eight sides, there is very little 
difference. This shows the good prediction of the model proposed, for the centre of the membrane. 
3.4.3.3 Global analysis of the membrane 
The previous analysis can be extended by looking at the magnitude of the principal stresses at any 
point in the structure, using Mohr’s circle. A contour plot of the stress magnitudes is shown in Figure 
3.13(a) using MATLAB, for a circle loaded uniformly at four equally spaced points around its 
perimeter. For an ease of visual comparison with a square, the image obtained was cropped by 
drawing lines between the loaded points on the perimeter of the circle and by removing the surface 
outside these boundaries, as shown in Figure 3.13(b). The stress field obtained compares very well 
with the one obtained with the FEA of a square where a superposition of data and theoretical 
contours is performed in Figure 3.14(a): the contour lines have the same magnitude as the FEA 
contours. It can be seen that the prediction is good in the vicinity of loads and in the centre. As the 
number of sides increases, the prediction gets better and Figure 3.14(b) shows the results obtained 
for a six-sided polygon. The magnitudes can be seen to match more favourably. 
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Figure 3.13: (a) shows the first principal stress field in a disk tensioned at four corners, located on the x and y axes. (b) 
shows the same result, only with the surface outside a square cropped. This is done for clearer comparison with results 
obtained on a square with FEA. Note that these figures show contour shapes, but are not representative of magnitude, 
which are shown in the next figure. 
 
Figure 3.14: (a) shows the first principal stress contour lines in black obtained from the Airy stress analysis on top of the 
first principal stress FEA results for a square membrane. Some theoretical contours are outside of the square region, as 
they are calculated for a disk. The two magnitudes of contour lines outside the square are lower than the stress 
anywhere in the square: hence only eight contours are shown for the FEA whilst ten are shown for the theory. (b) shows 
the same comparison for a six-sided polygon. The contour lines from both the FEA and the theoretical approach have 
the same scale of magnitude for comparison, with the 0.3 MPa contours shown. The stress increases as distance from 
the corners decreases. Both polygons have an outer radius of 150 mm, thickness of 0.025 mm and are tensioned by 1 N. 
3.4.3.4 Non-uniform loading 
The solution derived for uniformly tensioned membranes above gave satisfactory results in 
predicting the stresses in uniformly loaded polygons. However, the method is only valid when the 
membrane is uniformly loaded. Using the principle of superposition, the stresses in non-uniformly 
loaded membranes can also be calculated. By definition, to satisfy equilibrium, non-uniformly loaded 
membranes always have some symmetry in loading for regular polygons. Hence, the loading applied 
can be decomposed in a number of uniform load cases.  
(a) (b) 
(a) (b) 
0.3 MPa  
FEA 
 
 
 
 
0.3 MPa 
theory 
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As an example, the polygon shown in Figure 3.15 can be divided into two separate load 
cases, which then need to be added. The load case shown here will later be referred as load case 
(iii), in Chapter 4. The two uniform load cases are more straightforward to solve than the original 
problem and the problem is divided into two separate analyses: load case (a) and (b) which are then 
added together. 
z
y
y
xiii
y
y
y(a) z z(b)= +
Figure 3.15: Load case (iii) shown to the left is decomposed into two uniform load cases to the right. By adding the 
stresses obtained in the two load cases to the right, the solution of the non-uniform load case (iii) is obtained. 
To check the stress field predictions, the load case shown in Figure 3.15 is analysed when 
y=3 and z=4. The contour shape and magnitude of the principal stresses in the loaded circle are 
shown below in Figure 3.16. The first principal stress is shown in Figure 3.16(a) and the second 
principal stress is shown in Figure 3.16(b). The results are compared to a FEA in Figure 3.17(a), where 
the first principal stresses obtained are shown. A comparison is made between the contour shapes 
of the magnitudes of the stresses obtained through the FEA and the stresses obtained with the 
superposition solution in Figure 3.17(b). Very good correlation is seen between the results as all the 
features match well, and, it can be seen that the magnitudes in the stresses correspond exactly to 
the FEA. 
     
Y=3N
Y=3N
Z=4N X=7N
Y
Y
Z X
Figure 3.16: (a) shows the first principal stress field derived from theory and (b) shows the second principal stress field 
also derived from theory. The black contour line has been added for informative purposes, to show where the edges of 
the polygon would be as well as the loading applied in Newtons. 
(a) (b) 
Chapter 3: Stress fields 
 
52 
 
                 
Figure 3.17: (a) shows the first principal stress obtained from FEA. (b) shows the theoretical contour lines shown in black 
obtained using the method described in Section 3.4.3.1, on top of the FEA prediction. Very good agreement between the 
two methods is found as even  small features are represented. The loading is the same as in the previous figure. 
Looking in more details at the results obtained in Figure 3.16(b), and only displaying the 
negative stresses obtained, a comparison of the compressive regions and their magnitude is shown 
below in Figure 3.18 between the theoretical solution and the FEA. Compressive regions correspond 
well between the two methods, and therefore, this shows that the superposition method can be 
used to predict compressive regions with accuracy. By knowing when and where the compression 
arises, it is possible to predict in which regions the wrinkles form, but also the load ratio at which 
they form even though there might be a slight variation with reality as highlighted in the different 
wrinkling criterion methods shown in Chapter 2. 
 
             
Figure 3.18: (a) shows the negative second principal stress obtained theoretically on a disk loaded with the same tension 
forces as in the previous figure. (b) shows these same stresses obtained with FEA. Once again, the areas of compression 
are similar. 
As a final point, it is noted that individual Airy stress functions are not compressive by nature, 
but they are vulnerable to it, as the second principal stresses are zero. The compression arises from 
the need to impose a compressive equilibrating pressure. 
(a) (b) 
(a) (b) 
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3.5 Static-geometric analogy 
3.5.1 Introduction 
Whilst the above method is seen to predict accurately the stress field in polygonal membranes, 
another method is now considered which can predict stress fields through the “static-geometric” 
analogy, as presented in Calladine (1977): this compares equilibrium equations to geometric 
compatibility equations in order to obtain solutions more intuitively. An explanation of this analogy 
for the present case as well as use of it is presented below for uniformly tensioned polygons. 
3.5.1.1 Airy stress functions 
Let the Airy-stress function, denoted as ɸ, exist for an equilateral triangle as shown in Figure 3.19.  
The polygon is tensioned uniformly on all of its corners and, under plane stress conditions, the 
elastic strains must be compatible with each other. The region inside the triangle needs to satisfy the 
standard plane-stress elasticity governing equation: 
       (3.30) 
 
in which the Laplacian operator,    
   
   
 
   
   
 , is used twice. The stresses along the x and y 
axes,    and    respectively, as well as the shear,    , are calculated to be the following inside the 
triangle (Calladine, 1989): 
    
   
   
                            
   
   
                             
   
    
 
 
(3.31) 
 
The region outside the triangle does not have any stresses, and can be defined by a first-order 
function which gives no stresses upon double differentiation. In this case, it can be assumed that the 
region lying outside the polygon is made up of three planes, which meet each edge of the polygon 
with a gradient m in the direction perpendicular to the edge. This implies that     on all of the 
edges. 
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Figure 3.19: three-sided polygon with uniform tension forces bisecting its vertices. The region outside the triangle is 
made up out of three planes representing first-order functions which do not cause any stress. 
3.5.1.2 Bending of an elastic plate 
Let the out-of-plane deformation w exist over an equilateral triangle under the action of bending of 
the edges. The polygon’s edges are rotated, creating a small deflection bending of the polygon.  
There are no external forces, other than moments, applied to the polygon. Let us assume that the 
edge rotations have a gradient m perpendicular to each edge. 
By definition, the governing equation for the small-deflection bending is: 
       
 
(3.32) 
 
It is also stipulated that w = 0 on all of the edges.  Working in a standard set of coordinates (x,y), the 
curvatures, defined as    in the x-direction and    in the y-direction as well as the twist defined as 
  ̅ , can be obtained using the following equations, obtained for shallow curvatures (Calladine, 
1989): 
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(3.33) 
 
Following standard sign conventions, positive curvature has a centre of curvature which lies below 
its surface and is defined by a “downwards concave” shape, as shown in Figure 3.20. 
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+ curvature
- curvature
 
Figure 3.20: Sign convention regarding curvatures: positive curvatures corresponds to “downwards concave” and 
negative curvatures correspond to “upwards concave”. 
3.5.2 Definition of the problem 
Given the similarity of the governing equations presented above, an analogy can be made between 
the two different problems. A plate under bending is visually more appealing through its curvatures 
unlike stresses and, hence, stress-related problems can be solved by looking at curvatures in the 
bending of a plate with suitable boundary conditions. Because the denominators of the curvature 
and stress equations are different, curvature in the x-direction will be analogous to the stress in the 
y-direction, and curvature in the y-direction will be analogous to stresses in the x-direction.  The 
twisting curvature and the shear stress are analogous but of opposite signs. 
For the analogy to be correct, a compatible deformed shape needs to be found. The shape 
obtained after the edges of a polygon undergo a uniform rotation can be approximated, as shown in 
the triangular example in Figure 3.21 and Figure 3.22 below.  In this problem, it is assumed that the 
plate adopts a shallow conical shape close to the corners and by taking a cross-section between the 
two edges of the polygon, a parabola is formed. Close to the centre of the membrane, the plate 
adopts a shallow spherical shape, with curvature being equal in all directions (Griffith & Taylor, 
1917).   
 
Figure 3.21: Representative shape taken by a plate under the action of a uniform rotation from its edges, producing a 
gradient m perpendicular to each edge. The centre of the plate becomes spherical, as shown in (b) whilst the corners are 
conical as shown in (a). Only one conical corner is shown for a better visualisation. 
(a) (b) 
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Figure 3.22: When superposed, the spherical and conical shapes interact with each other, as the conical section goes 
through the spherical one. (a) shows a side view and (b) shows a plan view. 
Following these definitions, a few key observations can be made about Figure 3.21 and Figure 3.22: 
1) A cone has zero curvature in the radial direction by definition and has positive curvature 
normal to the radial direction. By analogy, close to a corner tension is expected in the radial 
direction and zero stress is expected in the hoopwise direction. 
 
2) A sphere, by definition, is curved equally in all directions: at the centre of the membrane, 
biaxial tension is expected. 
 
3) The two shapes have to link together, and will have an influence on each other at some 
point between the corner and the central parts of the membrane.   
To check the above, results of principal stresses were computed on FEA and the results for a three-
sided polygon are shown in Figure 3.23.  These results confirm the assumptions made earlier. Figure 
3.23(a) shows the first principal stress directions in the triangle. The directions are radial close to the 
corner, similar to a cone, and there is no characteristic direction in the middle, showing the influence 
a sphere could give. The directions in the other regions do not correspond to any of the two shapes 
mentioned, showing an interaction between them. Figure 3.23(b), which is the same as Figure 3.3 
which was shown in greater details, shows the first principal stress magnitude: constant magnitude 
is found as an arc shape close to the corners and as a circle close to the centre. This is also what 
would be expected of the conical and spherical shapes. The fact that the tension increases closer to 
the corners is explained by the increasing curvature which is expected for the plate under bending. 
The figure to the right shows the second principal stress magnitude, which are constant close to the 
corner and circular at the centre. The constant magnitude close to the corner is due to the zero-
curvature of the cone in the radial direction, the circular equal stresses in the centre are due to the 
sphere. Magnitudes of the first and second principal stresses at the centre point of the membrane 
have been checked and are identical. 
(a) (b) 
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Figure 3.23: These figures show characteristics of the stresses in a uniformly tensioned triangular membrane from FEA. 
(a) shows the direction of first principal stresses, (b) shows the first principal stress magnitudes, and finally (c) shows 
second principal stress magnitudes. 
3.5.3 Analysis 
Membrane compression is found by seeking negative curvature in the case of plate bending and this 
is likely when incompatible displacements arise between the conical section and the sphere. To 
understand where the curvature is potentially negative, an n-sided polygon, with semi-angle α close 
to the corner and under bending, is studied. Focus is placed on one of its edges, as detailed in Figure 
3.24: 
 
               
OA
B
C
D
E
θ 
α 
η 
 
Figure 3.24: A six-sided polygonal membrane is taken as an example. The region close to a corner is studied in more 
depth. In this case the left corner is taken as an example. The xy axes are in the standard direction, and have origin at 
point A. Some lengths are given to the right hand side of the figure and they are applicable to n-sided regular polygons. 
In this polygon, the edge studied is delimited by two corner points, A and C, and Point O is located at 
the centre of the polygon. Point E lies on line AO, such that angle AEC is a right angle. Point B is 
located at the midpoint of edge AC and length BO is made equal to 1 to simplify calculations. All the 
other lengths can be derived, some of which are shown next to the above figure. Point D is a general 
point on line CE and is dependent on θ, an arbitrary angle formed by angle EAD. The coordinate axes 
are (x,y) with origin at point A, and η is another coordinate perpendicular to the edge studied, with 
𝐵𝑂    
𝐴𝐶  
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origin at point B. On the edge, and in the η direction, the gradient due to the bending is m, for 
reasons explained earlier. 
First, the shape taken by the sphere is studied. The equation of the out-of-plane 
displacement of the spherical section,   , starting at point B and going in the direction of O is found 
by substitution in a quadratic equation. The section is represented in Figure 3.25 and it is known that 
the section’s half-length       . The points used to find the quadratic equation are: 
              
            
 
 
 
              
The following quadratic equation is found: 
     
 
 
      
 
(3.34) 
 
 
 
a a
parabola
Slope m
 
Figure 3.25: Section of the sphere taken from the polygonal membrane. The shape represents a parabola, from which 
the equations can be found given that the slope at the edge is known. 
Similarly, the equation for the out-of-plane displacement of the cone  , going from point C towards 
E is calculated. In this case, the parabolic section has half-length           . However, the 
gradient of the slope at the edge is not equal to m as the section is not at right angle to the edge, as 
seen in Figure 3.26. It therefore needs to be multiplied by a coefficient,      , dependent on the 
angle from the edge. The following results are obtained: 
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Figure 3.26: Location of the conical section taken for the calculations, with apex at A. 
Hence, introducing a new variable Y which represents the variable distance CD, the equation of the 
conical section is the following: 
     
 
 
          
 
(3.35) 
 
In the global coordinate system of this problem, Y is dependent on angle θ and hence the value of Y 
can be found by calculating distance CD using trigonometry: 
             
      
    
     
 
(3.36) 
 
The gradient formed by the radial lines from the apex A of the cone can be obtained by substituting 
Equation (3.36) into Equation (3.35) and dividing the latter by length AD, found from the geometry 
of the membrane: 
           
             
     
 
         
 
 
 
(3.37) 
 
The two shapes do not have any negative curvature and, hence, both close to the corner and 
close to the centre only tension or zero stresses arise. The intersection of the conical and spherical 
shapes is of more interest to understand compressive stresses. A section of the sphere in line with 
one of the radial line of the cone is considered, as seen in Figure 3.27. The peak height of the sphere 
along this section is looked at, and is compared with the height of the conical section at this point.  
The spherical section’s peak height, represented as point G, is always located at the mid-
point of any spherical section.  Hence, by definition, G will be located on C1 for all angle θ given that 
the angle OGA formed between the centre point and the corner point in this semi-circle is always a 
right angle. This condition ensures the middle point of the spherical section is always G. 
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Figure 3.27: Location of the peak point in a spherical section taken from the polygon. The peak is located on circle C1 
given that on this circle the angle at G will always be perpendicular. The height of the conical section at point G is 
investigated. 
The length of line OG can be found:  
           
 
(3.38) 
 
The length between the outer radius of the inscribed circle and point G, length b, needs to be found:  
              
    
    
 
 
(3.39) 
 
As the sphere has constant out-of-plane displacement w at a constant radius from point O, Equation 
(3.34) can be used with η = b to find ɸs at point G.  
Hence, for any point G on C1: 
    
 
 
 
      
      
 
 
(3.40) 
 
Regarding the height of the conical section, the gradient of the conical section is already known from 
Equation (3.37), and it needs to be multiplied by length AG to find the out-of-plane displacement at 
point G. 
    
    
    
 
 
(3.41) 
 
Therefore, the out-of-plane displacement at point G is the following: 
    
 
 
      
      
      
      
 
 
 
      
      
 
 
(3.42) 
 
Hence, comparing Equations (3.40) and (3.42), it can be stated that at G: 
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(3.43) 
 
Circular arc C1 is therefore the intersection between the cone and the sphere and this implies that 
the conical section at any angle θ will always intersect the spherical section at its peak point. But this 
also means that the sections will intersect each other in a second distinct point as shown in Figure 
3.28. For the shapes to connect, they have to deform and it is clear that the connection between the 
two shapes has to be made through a “concave upwards” shape: negative curvature. Referring back 
to the analogy, it means that this region will be in compression in the membrane. Through this 
derivation, it is clear that compression will be present throughout the angle of any uniformly loaded 
n-sided regular polygon. 
I1
I2
A O  
Figure 3.28: The spherical and conical sections both meet at the same height at the centre of the sphere at point I2. The 
figure shows how both shapes interact with each other given this fact. It is clear that both sections meet at a location 
before the centre of the sphere too, I1 , hence this will create a concave upwards curvature somewhere close to this 
point. 
3.5.4 Finite Element Examples 
FEA was performed to verify the results obtained through the theory. Both a three, four and six-
sided regular polygon were modelled, using the same parameters of FEA described at the beginning 
of this chapter, with a mesh composed of 130 000, 160 000 and 190 000 elements respectively. Each 
vertex was subjected to a small uniform load, bisecting its angle.  The neutral and compressive 
regions are shown in red in Figure 3.29. As expected, compression is seen throughout the corner for 
all of the polygons shown.  
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Figure 3.29: FEA result of neutral and compressive regions which are shown in red for polygons tensioned uniformly on 
their vertices. These results confirm the fact that compression is located throughout the angles. 
An analysis was also performed to analyse the plate bending problem to check the validity of 
the analogy. The analysis was performed in ABAQUS on a similar three-sided triangle, having 
160 000 shell elements, where all the edges have been rotated by a small amount (0.023 degrees). 
The plate is 1mm thick and the maximum central displacement is 0.016 mm.  The curvature in the x 
and y-directions were computed as well as the twist. These results were obtained respectively 
through the SK1, SK2 and SK3 components in ABAQUS. The second principal curvature,    , was then 
calculated using the following formula (Calladine, 1989): 
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(3.44) 
 
 
The zero and negative second principal curvatures were computed with Matlab and are shown 
below in Figure 3.30(a) in red. This figure represents the analogy of the triangle with straight edges 
presented in Figure 3.29, and which is reproduced in Figure 3.30(b). Good agreement is found 
between the two results as the zero and negative curvature regions correspond well with the zero 
and negative stress regions.  This validates the analogy for this case, and hence a new method to 
predict stresses is validated. This method can be useful to design membranes, as the analogy points 
out intuitively whether compressive stresses are present or not. Further use of this method will be 
made in Chapter 6 for this purpose. 
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Figure 3.30: FEA result of the neutral and negative curvatures resulting from the bending of the edges in (a). The results 
compare well with the results of neutral and negative stresses shown in the previous figure, which are shown here again 
in (b). This confirms the accuracy of the analogy. 
3.6 Non-regular polygons 
Having found the stress fields in regular polygons, the stress fields in non-regular polygonal shapes 
are also of interest. As an example, isosceles triangles have been used in recent space-structures 
such as solar sails. As for regular polygons, there is a need to understand better where compressive 
regions arise as wrinkles are expected there. The main difference with these non-regular polygons is 
the lack of rotational symmetry of the problem, leading to vertices being tensioned with different 
magnitudes of forces.  
First, FEA results are produced and the exact location of the biaxial centre in relation to the 
centroid, or “in-centre”, is investigated. As expected, it is observed that the biaxial centre is only at 
the centroid for an equilateral triangle.  When the triangle is not regular, its position changes and 
examples are shown in Figure 3.31. In the figures, the centre of biaxial stresses is represented by the 
inner coloured circle, whilst the in-centre is located where the lines bisecting the corners intersect. 
From the FEA results obtained it is clear that when the lateral sides are longer than the base, the 
biaxial centre is below the in-centre and when the base is longer than the lateral sides, it is above. 
(a) (b) 
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Figure 3.31: stress field in two different isosceles triangles obtained from FEA. The biaxial stress point is located at the 
centre of most inner stress contour. Both the first and second principal stresses were checked to obtain this biaxial 
centre, and for illustration purposes (a) shows the first principal stress in the triangle whilst (b) shows the second 
principal stress. Note that the triangle to left has biaxial centre above the in-centre whilst the triangle to the right has 
biaxial centre below the in-centre. For information, the stress field shape predicted by Wong is shown with the lines on 
the bottom right corner of the left figure, and the stress field predicted by the Airy stress field on the bottom left corner. 
In terms of theory, the standard stress field theory as well as the Airy stress field theory 
applied to corners were calculated in these isosceles triangles. Whilst these theories accurately 
predicted the fact that the in-centre was not at the location of the centroid, it failed to predict its 
exact location. The location of the biaxial centre predicted theoretically is approximately a factor of 
two more than the FEA from the centroid as seen in Figure 3.32. As earlier, it is thought that the fact 
that the boundary effects are not taken into account affects the results.  
The first theory described in Section 3.4.1 which is based on work developed by von Mises 
(1945) was therefore used to have a global analysis of the membrane, including boundary 
conditions. The problem of a circle on which three non-regularly spaced tension forces are applied 
can be studied by using the formulae provided and plotting the results with Matlab. However, whilst 
regular polygons could easily be approximated to circles, the problem of non-regular polygons is that 
their shape is much more different. The results obtained did not provide any biaxial region in the 
isosceles triangles contained within the circle. In general, the stress comparison with the FEA was 
not satisfactory, and hence this method failed in this case. 
(a) 
(b) 
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Figure 3.32: Comparison of the results obtained from the two theoretical methods and the FEA regarding the position of 
the biaxial point with relation to the in-centre. The theoretical methods both over-predict the distance by a factor of 2 
approximately. λ is the distance between the biaxial centre and centroid, b is the length of the base and α is the half-
angle of the lower corners. 
FEA has proven to give accurate results of stress fields and of compressive regions, hence 
this method can be used for the more complex geometries rather than theory. Geometry problems 
do not exist with this method. FEA was therefore used to analyse a large number of polygonal 
shapes, and it was observed that in general compressive regions were always located close to acute 
corners and close to long edges. A sample of results showing compressive regions found from FEA is 
shown below in Figure 3.33 for some non-regular polygons. 
 
Figure 3.33: Compressive regions, shown in red, in non-regular polygons tensioned in a direction bisecting their vertices. 
3.7 Chapter Summary 
In this Chapter two distinct methods were developed to predict stresses in membranes. First, it is 
observed that Airy stress functions approximate the shape of the stress field close to corners better 
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than previous approaches. From this observation, the first method is based on Airy stress functions 
applied to plane surfaces. By superposing a number of these stress functions, and assuming that the 
polygon can be approximated to a disk tensioned at regular intervals on its perimeter, the stress 
field in a membrane can be found. The results obtained compare well with a simple FEA linear 
analysis, both in terms of stress field shape and magnitude. Using this method, it is straightforward 
to obtain the compressive regions in membranes and to know where first principal stresses are high. 
The second method to predict stresses is based on an analogy. The governing equations for Airy 
stress functions and for the shallow bending of shell structures being similar, the stresses are 
analogous to the curvatures of a shell under shallow bending. By looking at the areas of negative 
curvature in a polygonal plate under bending alone, the compressive areas can be predicted and the 
stress fields can be approximated. Both of these methods have been developed for n-sided regular 
polygons and it is straightforward to obtain a solution for these shapes. Also, it is observed that 
there are compressive stresses close to the corners of all polygonal membranes, irrespective of the 
number of sides. Hence, wrinkling is expected close to corners. Finally, irregular polygons behave 
less favourably when subjected to these analysis methods as the biaxial centre is not located at the 
centroid of the polygon. This is shown both from FEA and theoretical results. Therefore, FEA seems 
the most adapted method to solve these cases, and it is concluded that in irregular polygons 
compressive regions usually form close to acute corners or along long edges: these features need to 
be avoided when possible. 
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4.1 Introduction 
In the previous chapter, several methods to predict stresses in polygonal membranes were 
developed and discussed. These models can be used to understand how stresses develop in 
membranes, but also where compression arises, and possibly wrinkling. In this chapter, the design of 
several polygons under different loading configurations is given: uniformly and non-uniformly loaded 
polygons are treated separately. These designs will be used to analyse wrinkles in membranes 
through theory, experiments and FEA in Chapter 5. Beforehand, this chapter describes all the 
procedures to analyse these membranes as each one requires a specific technique to obtain 
accurate results. In the first part of this chapter, the theory developed in Chapter 3 is used to predict 
the compressive stresses in the polygons studied. Then, a procedure is described to analyse 
membrane wrinkling through experiments. The experimental setup is described as well as 
comparisons of image capturing techniques.  Finally, a FEA program is selected and a description of 
the parameters used is given. Results obtained using the FEA software are compared to reference 
results obtained in literature.  
4.2 Model 
4.2.1 Uniformly loaded membranes 
Three uniformly loaded regular polygons, of three, four and six sides were chosen to be tested, as 
shown in Figure 4.1.  
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Figure 4.1: Regular-polygonal membranes to be tested, with tension forces bisecting the vertices 
As discussed earlier, wrinkles are expected when some areas of the membrane are in 
compression. The negative second principal stresses were calculated both theoretically, using the 
Airy stress superposition method, and through FEA for these three polygons. The theoretical results 
are shown in Figure 4.2 and the FEA results are shown in Figure 4.3. From these results, which also 
confirm the results seen in the previous chapter obtained with the static-geometric analogy, it is 
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clear that the compression is located close to the corners of the membrane, as well as along its 
edges. However, it is unlikely for wrinkles to occur along the edges of the membrane, due to the fact 
that the stress touching the edge and perpendicular to it must be zero by definition. Also, the 
compressive region is very slender in this area. The compressive regions close to the corners are 
larger, and wrinkling is expected there. Also, the high magnitudes of first principal stresses in these 
regions, as seen in the previous chapter, favour the creation of wrinkles.  
Note that the compressive regions are the same for all magnitudes of stresses, as long as the 
ratio between the loadings remains constant. This is seen in all the FEA simulations performed, and 
is confirmed by the Airy stress theory developed in Chapter 3. 
Figure 4.2: Compressive stresses in red as calculated with the Airy stress superposition method for polygons tensioned 
uniformly at their vertices. Polygonal contours have been added on top of the stress fields for illustrative purposes.   
 
Figure 4.3: Compressive stresses in red as obtained with a linear FEA on polygonal membranes for polygons tensioned 
uniformly at their vertices. 
According to Stein & Hedgepeth (1961), wrinkles form in straight lines along the direction of 
first principal stresses in the absence of body forces and surface tractions. By using this definition, 
the location of wrinkles can therefore be determined by looking at the direction of the first principal 
stresses.  To confirm this, Figure 4.4 shows the direction of the first principal stresses in the 
triangular membrane obtained from FEA. It can be seen that in all the compressive regions shown in 
the diagrams above, the first principal stress direction always goes in straight lines. However, when 
the first principal stresses curve in direction, the membrane is not in compression anymore. This 
property is another characteristic which can also be used as a tool to investigate the presence of 
wrinkles. 
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Figure 4.4: Direction of first principal stresses obtained from a linear FEA. The directions of the stresses are radial close 
to the corners and hence go in straight lines. Towards the centre there is no dominant direction, and the stress lines do 
not go in straight lines anymore. In general the straight lines correspond to areas where wrinkles can potentially form.  
4.2.2 Non-uniformly loaded membranes 
Creating load cases which will cause diagonal wrinkles is the next step of this investigation. In the 
literature, an experiment was made on a four-sided polygon in which the wrinkles were measured at 
different levels and ratios of loading (Wong, 2003). The square problem limits the number of load 
cases that can be tested: to reach equilibrium in a square, two opposite corners always need to have 
the same loading. Hence, only the ratio between two consecutive corners can be changed. The 
problem is different when dealing with n-sided polygons as wrinkles can arise between different 
corners depending on the loading ratios. Also, whilst the loads are applied perpendicularly one from 
another in a square, the loads are applied in different directions in polygons and this changes the 
direction in which wrinkles can form.  
A six-sided regular polygon is analysed here, as it enables to understand the wrinkling 
mechanisms and evaluate a number of load cases whilst keeping the problem simple. For space-
telescopes, analysing load cases is of importance given that if one or several of the tension forces 
were to fail partly or totally the consequences could be disastrous. Hence, considerations are made 
for this possibility. In this case, for the membrane to remain in equilibrium and to keep being used, it 
would be necessary to adjust the tension on other corners. For a six-sided polygon a number of 
adjustments can be made, and three of them are studied more closely. The adjustments mean that if 
one corner fails, the membrane will be affected by having to adapt either two or three of the tension 
forces, as shown in Figure 4.5.  
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Figure 4.5: Adaptation possibilities in case of failure of one of the corner forces of a uniformly tensioned polygon having 
six sides. There are three main possibilities: two where one other corner is left loose and one where two other corners 
are left loose. These adaptations ensure equilibrium is maintained in the structure.  
Following these failure possibilities, but also to understand better stress and wrinkling 
mechanisms, four load cases to analyse are proposed, and are shown schematically in Figure 4.6 
below. 
x y
y x
x
x
x
y
xx iviiiii
x
x
xv
Figure 4.6: Load cases studied for non-uniformly loaded regular polygons. The first one is an extreme case which is 
expected to produce a large diagonal wrinkle. The other three cases have been taken from the previous figure. Each load 
case is allocated a number, from (ii) to (v), which will be referred to at numerous occasions. 
The compressive regions for the load cases were calculated using the Airy stress 
superposition theory and the results for load case (ii) and (iii) are shown in Figure 4.7. These were 
compared to results obtained from FEA in Figure 4.8. Once again, the results obtained with the two 
methods are similar. It can be seen that most of the membrane is under compression for these two 
load cases, except for a region on the left of the membrane in load case (iii). A highly wrinkled 
membrane is therefore expected for these load cases. Figure 4.8(c) shows the direction of the first 
principal stresses, and it can be seen that this direction goes in a straight line close to all loaded 
corners as well as from the right hand side corner to the other loaded corners. Hence, this confirms 
that some diametral wrinkles are expected. This highlights the importance of having a uniform 
tension on all the corners of the membrane as more wrinkling is expected in this case than when the 
membrane is uniformly loaded. 
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Figure 4.7: Compressive regions shown in red, calculated from the Airy stress superposition method, for load case (ii) 
and load case (iii) in (a) and (b) respectively. Geometrical contours have been added on top of the results for clarity as to 
where the membrane’s boundaries are. 
 
Figure 4.8: Compressive stress shown in red calculated with a linear FEA for load case (ii) and (iii) in (a) and (b) 
respectively. (c) shows the direction of the first principal stresses for load case (iii). It can be seen that the stress goes in 
straight lines where compression is present and where wrinkles are expected. 
4.2.3 Material used 
For this part of the analysis, more details need to be given about the membrane used. First of all, it 
was decided to use Kapton as the membrane material, for a number of reasons. This is a space-
qualified material, which has already been widely used and which is very resistant for space 
applications. Also, this material is used in many of the works cited in the literature review, and can 
be compared to work that has or will be done. Finally, Kapton is a relatively easy material to get hold 
of and this is of importance for the experiments performed.  
The thickness of Kapton is 0.025 mm, and this was decided after preliminary experiments 
were performed. A thinner material (0.0125 mm) is difficult to handle due to electrostatic attraction 
(a) (b) 
(a) (b) 
(c) 
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and is very susceptible to damage. A thicker material (0.05 mm) does not produce as many wrinkles 
in experiments unless much higher loads are applied.  
The standard diameter of the polygons used is 300 mm. This size is chosen so that 
experiments permit accuracy and visible wrinkles whilst allowing holding rigs to be not too large. 
Also, this size allowed FEA simulations to be computationally efficient: a larger membrane would 
require more elements to take account of minor wrinkles. Note that some of the analyses use 
different diameters, but this will be specified in the appropriate sections. 
The loads exerted on the corners of the membrane have to be applied using tabs attached to 
the membrane. The tabs are made out of an adhesive Kapton tape, which is also 0.025 mm thick. 
The tabs are attached to the membrane using the guidelines produced in Cunliffe (2003), by using 
the ones resulting in the least compression in the membrane. As the membrane’s tab is taped above 
and below its surface, the thickness of the membrane in this region is increased to just over 
0.075 mm. The tabs have a width of 25 mm, which is the width of the tape available. Further details 
as to how this attachment is reproduced for experiments and FEA models are given in later sections. 
The Young’s modulus for the Kapton is available from the manufacturer’s data, and is shown 
in Chapter 1, but it was checked in a simple Instron test to verify the good condition of the material. 
The values corresponded to being 2500 Mpa. The Poisson’s ratio is also supplied by the 
manufacturer as being 0.34. The work performed is done in the elastic region of the material, unless 
specified. 
Details for specific applications are given in the following sections and the above definitions 
are valid in the following chapters unless otherwise stated. 
Preliminary experiments were performed both on uniformly and non-uniformly loaded 
polygons to check the value at which the membrane would fail when fully loaded. It was noticed that 
the membrane always failed at the connection between the membrane and the tab. No data is given 
from the manufacturer regarding the strength of the Kapton tape when loading is applied in this 
direction, and this was difficult to calculate as the tab detaches progressively in the experiment. 
Hence, from the failure results obtained, looking at Figure 4.1, the loading shown in Table 4.1 was 
chosen for uniformly loaded membranes. 
X (Newtons) Y (Newtons) Z (Newtons) 
78 62 40 
Table 4.1: Maximum loading applied on the polygonal membranes, per corner: X, Y and Z are defined in Figure 4.1. 
Concerning non-uniformly loaded membranes, preliminary experiments were made to find 
the failure load of the tabs, and the experiments were performed at values close to failure to 
enhance wrinkle visualisation. It was found that tabs started failing at values above 50 N, hence all 
the measurements were made with X = 50 N, as defined in Figure 4.6. Force Y was calculated 
accordingly so that the membrane stayed in equilibrium, so in this case Y = 25 N. Corners with no 
arrow on the diagram had a nominal stress of 2 N, to keep the membrane flat.  
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4.3 Experimental procedure 
4.3.1 Setup 
An experiment was set up to visualise and measure wrinkles for the load cases shown in the above 
section. This has the aim of comparing the compressive regions found previously to actual wrinkle 
predictions. Three support structures were created for this purpose: one medium scale structure 
and two large scale structures. The choice of the scale was informed by the details of other 
experiments, such as Wong (2003) and Cunliffe (2003). Further details are given below. 
4.3.1.1 Medium scale support structure 
The medium scale support structure is circular and has 36 radial holes equally spaced, cut into its 
circumference. This is designed to apply forces on n-sided polygons, n being all the factors of 36, 
starting at 3. This support structure is used for membranes with outer radius, r, of 150 mm. The 
setup is shown in detail in Figure 4.9 and Figure 4.10, which indicates the detail of the tensioning 
mechanism and the attachment device, which apply carefully controlled tensions on each vertex. 
 
r
          
Wing-nut
Ball-bearing
Compression-spring
Threaded rod
Hypodermic tube
Kapton tab
Cable
Metal frame
Membrane
 
Figure 4.9: Medium-scale experimental setup drawn schematically for a six-sided polygon. (a) shows the general setup 
and (b) shows details of the tensioning mechanism.  
(a) (b) 
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Figure 4.10: Photographic view of the experimental setup, showing the general setup in (a) and the tensioning 
mechanism in (b). 
Metal templates were water-cut with the shape of the membranes used, so that these could 
then be placed on the Kapton roll and precise shapes could be cut from them. Tabs were attached to 
the membrane, in such a way that the corners of the tab intersected the edge of the membrane, as 
shown in Figure 4.9(b). The tabs were positioned accurately, with the help of pliers and marks were 
drawn on them so that they overlapped accurately when folded.  
When it was devised at first, the setup was tensioned by hanging weights on a cord attached 
to the tabs, rather than the springs shown in the above figures. However, due to the necessity of 
having a mobile setup, which could be placed either horizontally or vertically, the loading 
mechanism was changed and the final design was made with the use of precision compression 
springs. This also improved the accuracy of the experiments. These springs were calibrated with an 
Instron machine to obtain the graph in Figure 4.11 which shows an extension/compression stiffness 
of 3.5 N/mm. The length of the springs, known to be 62 mm under no loading, is measured with a 
calliper as an increasing tension reduces their length. This tension is applied by turning the wing-nut 
shown in Figure 4.9. In all experiments the loading was applied gradually and proportionally to all of 
the vertices, always checking the length of the spring as well as the number of turns of the wing 
nuts.   
 
(a) (b) 
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Figure 4.11: Calibration of the attachment compression spring in an Instron machine. The graph shows the displacement 
for a given loading. A linear behaviour is observed as expected and the blue line shows the experimental data and the 
black line is a best-fit line, giving a stiffness of 3.5 N/mm. 
4.3.1.2 Large scale support structure 
Two large scale support structures were also manufactured as it was expected that some wrinkling 
would be difficult to measure on a medium scale membrane. Due to the larger scale of the support 
structure, it was not possible to make a polyvalent structure like the one before which worked for an 
n-sided polygon. Hence, a support structure was made for three and four-sided regular polygonal 
membranes.  The structure was made for polygons with an outer diameter of 635 mm, r being 
317.5 mm. As seen in Figure 4.12 and Figure 4.13, this makes the length of the side x equal to 
550 mm for the triangle and 449 mm for the square. 
For the support structures, two wooden plates were cut into a square, some metal plates 
were screwed into them and placed at a given angle so that tension could be applied in a direction 
bisecting the corner of the three and four-sided regular polygon. 
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Figure 4.12: Large scale experimental setup shown schematically for a four-sided regular polygon. (a) shows a general 
view of the setup and (b) shows the tensioning mechanism used.   
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Figure 4.13: Photographic view of the experimental setup for a three-sided regular polygon. (a) shows the general view 
and (b) shows details of the tensioning mechanism. 
4.3.2 Image capture techniques 
As explained in Chapter 2, no perfect solution exists to measure the surface shape of membranes. 
Consequently, several apparatus were tested to capture an image and make measurements of the 
out-of-plane displacements associated with wrinkling. 2D laser scanners, as well as more complex 3D 
apparatus were tried on membranes with various coatings. Some of the apparatus failed to produce 
any result due to the high reflectivity of membranes.  However, three different techniques were 
found to work well and are presented below. For these techniques, two different coatings were used 
on the membrane depending on the technique. The result of the tests showed that some of the 
apparatus worked well with an opaque membrane with low reflectivity rather than the “standard” 
highly reflective membrane with aluminium coating. More details are given in the different sections 
below. 
4.3.2.1 Photography 
This method produces a very high contrast picture of wrinkles and is only used to have a visual 
understanding of the wrinkles, but cannot be used to quantify out-of-plane displacements. Four 
different coloured projectors were placed around the setup described above, with the lights 
projected onto the membrane. The coating used for this technique is the “standard” one, with one 
side having a reflective silver colour and the other side with a golden colour. This enabled a high 
reflection of the lights on the membrane. A camera was placed so that it could take a plan view of 
the tensioned membrane. For uniformity of the results, a frame was built so that the camera would 
always be located at the same position above the membrane. Also, given the high reflectivity of the 
membrane, the background around the lens of the camera was covered by a white uniform surface, 
so that no reflection could be seen on the membrane: only the lens itself was reflected in the picture 
taken. The membrane was tensioned according to the load cases presented earlier. Informative 
(a) (b) 
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number tabs were placed next to each corner to identify them and the loading of each one was 
recorded.  Several pictures were taken, each with a different combination of projected lights being 
turned on or off. It was noticed when doing this that different combination of lights gave different 
levels of contrast for different wrinkles.  This resulted in standard pictures, taken with a standard 
3 Megapixels camera.  
The pictures taken were then processed using Adobe Photoshop CS3 Extended software. 
First the pictures were all converted to black and white to have a more uniform comparison 
between the images. Then, the different images taken for a same loading were evaluated by looking 
at the level of contrasts of the wrinkles. The picture with the highest level of contrast was selected. 
Several adjustments were then made using built-in functions of Photoshop. Most particularly the 
contrast, the black and white levels, the luminosity and the curve functions were used. This did not 
modify the picture itself, but enhanced the visualisation of the features in the image. The 
background behind the membrane was cut and when it did not have any effect on the results, the 
reflection of the lens of the camera was removed using the corrector tool. This procedure was 
performed individually for each picture to obtain optimum visualisation of wrinkles. A sample result 
is shown in Figure 4.14 between the experiment and the final result. 
 
Figure 4.14: (a) shows a side-view of the membrane during the experiment when projectors of different colours are 
used. The details of the wrinkles can be seen clearly with the help of the different colours. Informative labels are placed 
next to each corner to know the tension in each when analysing the pictures taken. (b) shows a sample final result, here 
for load case (ii), when a picture is taken from the top of the membrane. The picture has been enhanced with Photoshop 
software to enable a better vision of the details.  
4.3.2.2 3D Capture: Vialux camera 
The most suitable 3D camera was one manufactured by Vialux, which can quickly capture the out-of-
plane shape. This device has the advantage of giving high resolution and high accuracy images of 
membranes. This apparatus requires a low-reflective surface, and a Kapton membrane, serial DK191 
manufactured by Dunmore, was the most appropriate for this task: one side is white, and is usually 
used in high temperature applications. Its properties are the same as “standard” Kapton, and a test 
was performed on the Instron machine to confirm them in the elastic state.  
The Vialux camera is coupled to a projector on a fixed support structure. The camera 
measures the reflections of precise images, straight lines or squares, sent by the projector to the 
object. The camera and the projector are placed a given distance apart and a calibration is necessary 
before any measurements are taken. For this, a calibration plate is placed in different positions 
(a) (b) 
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approximately where the membrane is, and pictures are taken. Given the amount of distortion of 
the reflections, a commercially available software from Vialux measures the 3D coordinates of the 
calibration plate. The results are then used to find the 3D shape of the surface analysed. This process 
only takes a few seconds. Real-time treatment of the data means the results can be seen instantly on 
the computer. 
The accuracy of the measurements depends on many criteria (Hofling & Aswendt, 2009). 
The surface used is one of them, but most importantly are the field of view and the measurement 
time. The accuracy is calculated by multiplying the field of view, in other words the distance 
between the camera and the object, by a factor dependent on time. For measurements taken in 
50 milliseconds the factor is 10-3 and for measurements taken in 500 milliseconds, the factor is 10-5. 
Consequently, the size of the membrane needs to be limited as the field of view needs to be 
minimised given that accuracy is directly dependent on it. In the present case, as the membrane 
problem is static, the longest time can be used. Therefore, if the membrane is one metre away from 
the camera the accuracy will be approximately ±0.01 mm. However, as other factors can affect the 
accuracy, the guidelines say that the overall accuracy is usually in the 0.04-0.15 mm range, 
depending on the field of view. 
The advantages of this method are its simplicity of use as everything is built-in and only 
calibration needs to be performed before the results are obtained. Also, very good results are 
obtained with the membrane used. However, the method is relatively recent and the apparatus is 
expensive to buy. 
4.3.2.3 3D Capture: Photometric Stereo 
Similar to the Vialux technique, Photometric Stereo also produces 3D images of objects. A height 
map of the object can be obtained by taking a single picture with a standard digital camera by using 
four differently coloured projectors placed in different locations, and facing towards the membrane. 
Calibration is needed and this is similar to the Vialux device using a calibration plate, which reflects a 
different intensity of each colour of light. This technique uses only a non-reflective membrane, and 
the colour of the membrane has to be white preferably, so that all the projectors’ colours are not 
altered during the reflection. However, this technique has been evolving fast over the course of this 
project and later the colour did not have such importance. The resolution of the picture taken is only 
limited by the number of pixels of the camera used, leading to very precise results. Also, as only one 
single shot needs to be taken, the data can be analysed in real-time. This means that the results are 
seen straight away on the computer, but it also means that this technique can be used to make a 
movie of the results. This technique is relatively low-cost to implement, as only a camera and 
projectors are needed. The main limitation is that no commercial software exists to produce the 
data, and the results were obtained in collaboration with the Toshiba Research Centre (Cambridge) 
where the experiment had to be held. Direct access to the software was not permitted.  
Only two attempts to use this method were made due to the availability constraints of using 
the software. These attempts validated the use of this technique towards the measurement of 
membranes, however no data was obtained for the load cases shown previously. In the first 
attempt, a thin powder had to be sprayed on the membrane to attenuate its reflection. However, 
this considerably affected the results. In the second attempt, which was made with the less 
reflective membrane coating, good results were obtained by using polarising filters on the light 
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projectors. Sample results are shown below in Figure 4.15 for load case (iii) although no 
measurements were made and the exact tension on the corners was not calculated. 
 
Figure 4.15: Sample photometric stereo results obtained on a six-sided polygonal membrane tensioned on some of its 
vertices. Some wrinkles can clearly be seen on the 3D surface obtained. The surface can be rotated and analysed from 
different points of views easily. 
4.3.2.4 Errors 
The Vialux device is the most appropriate device in our case. However, the amplitudes of the 
wrinkles observed in the experiments can go down to a few hundredth of a millimetre: hence noise 
is expected to affect the results significantly.  When high accuracy is needed, a first measurement is 
made of the overall membrane and then the camera is placed closer to the membrane to reduce the 
field of view and increase the accuracy of the results. When making sections in the membrane, the 
data obtained is smoothed afterwards using either of two different methods to reduce the noise in 
the measurements. The methods used are briefly presented below. 
The first method used is the moving average smoothing, where the smoothed data point is 
computed with the following formula: 
   
  
∑     
   
    
 
 
 
(4.1) 
 
A chosen number m of data points are taken before and after the point of interest Yj, and are then 
added together and divided by N, which is the total number of data points chosen. This gives a 
moving average value and reduces noise of the data effectively. As a reference this method was used 
by Cunliffe (2003) in his report when measuring wrinkles in membranes. 
However, by giving equal weight to all the data points before and after the one of interest, 
this method affects dramatically amplitudes and wavelengths (Savitzky & Golay, 1964). For wrinkles, 
this is not acceptable as this information is of importance in the calculations and hence a more 
appropriate method needed to be found: the smoothing of data by simplified least squares 
procedures was chosen. This is also known as applying a Savitzky-Golay filter.  This method was 
developed specifically to smooth the noise obtained from experimental data, whilst minimising the 
effects on amplitude and wavelengths. The method uses the method of least squares, calculated 
individually for each data point. The formula is similar to the one for the moving average, but a 
coefficient C is added to the points before and after the one of interest (Savitzky & Golay, 1964): 
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The second method used gives more accurate results, however noise in the results is not 
reduced as much. Some parameters have to be chosen for this method, most importantly the 
number of data points to be considered for the smoothing of one point as well as the order of the 
polynomial equation which describes the data points chosen. Several attempts were made, and the 
parameters which prevented noise but did not “over-smooth” the results were chosen. 
A comparison between some experimental data and smoothed data is shown below in 
Figure 4.16. The experimental data in (a) is smoothed with a Savitzky-Golay filter using a different 
number of data points around it in (b) and using different degrees of polynomial in (c). The result of 
different analysis showed that the best smoothing was made by choosing 11 data points and using 
polynomial degree 2 (quadratic). The results for this are shown in (d) along with the results obtained 
with the moving average technique for the same number of data points. It is clearly seen that the 
Savitzky-Golay filter has less effect on amplitudes and wavelengths than the moving average 
method. Wrinkles can be seen more clearly than in the experimental data. This particular example is 
the result of data taken at a field of view of 1.2 metres, hence the expected accuracy is ±0.01 mm. 
The experimental data seen in Figure 4.16(a) seems to have greater noise than this. The smoothing 
was performed in Matlab, as the data points obtained were not equally spaced and the coefficients 
C obtained through convolution needed to be calculated specifically. The “SMOOTH” function with 
the “SGOLAY” parameter was used. The “SGOLAY” replaced the “MOVING” parameter which was 
used for the moving average technique. Smoothing is used in all the graphs obtained from 
experimental results in the following chapters to reduce the noise. 
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Figure 4.16: Sample out-of-plane deformations captured with the Vialux device on the corner of a triangular membrane. 
(a) shows the experimental data obtained, (b) shows the data with a Savitzky-Golay smoothing filter with different 
number of points taken into account and degree 2, (c) shows data compared with the Savitzky-Golay filter with 
polynomials of different degrees with 11 data points and (d) shows the Savitzky-Golay filter data compared to the 
moving average data.  These comparisons were made to understand which smoothing technique and parameters were 
the best adapted to the present study. 
4.4 Finite Element Procedure 
4.4.1 Introduction 
Finite Element Analysis (FEA) is an essential technique in the study of membranes for a number of 
reasons.  It overcomes the problems of complexity of the shapes, in terms of geometry and scale, 
and can sometimes generate some results in a quicker way than an experiment.  FEA also allows the 
user to analyse different perspectives of the problem, and in the present case both the stresses and 
the out-of-plane displacements are required as outputs of the models.  Membranes in FEA can be 
difficult to analyse and this chapter goes over the choices made in finding out the best way to 
analyse membranes. The choice of a FEA software, but also of the parameters used within this 
software is of crucial importance to obtain accurate results.  Results obtained can be checked by 
comparing the out-of-plane displacements to simple experiments. Stresses obtained from FEA were 
already successfully compared to theoretical work in Chapter 3. However, there is a major difference 
between the method used to obtain stresses and the method to obtain out-of-plane displacements. 
In Chapter 3, a linear analysis was sufficient to obtain stresses, but out-of-plane displacements 
necessitate a non-linear analysis due to the large displacements occurring in the membrane. This 
involves a more complex and lengthier procedure and more details are given in the next sections.  
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4.4.2 Finite Element software 
The software Samcef was chosen to analyse the membranes.  This choice was made due to the good 
results in studying membrane wrinkling obtained by the European Space Agency (ESA) in 
collaboration with SAMTECH, Samcef’s developer. The SAMTECH group worked in collaboration with 
the ESA on the project of “Professional Software for the Analysis of Inflatable Space Structures” 
(SAMTECH, 2006b; SAMTECH, 2006a) to create a code to study membrane wrinkling.  Their approach 
is similar to the standard one developed in Wong & Pellegrino (2003), using shell elements, and the 
square membrane analysed there is used to compare the results obtained.  The report confirms that 
a shell model gives wrinkle details accurately but a fine mesh is required, with at least eight 
elements along a half-wavelength. This method is said to work well with these situations and gives 
satisfactory results, generally in the same range as the ones obtained by Wong and Pellegrino 
(2003). 
4.4.2.1 Standard procedure 
The analysis consists of two parts. The first part is made up of a linear analysis (ASEF), where stresses 
are computed for the shell elements as explained in Chapter 3. The analysis is performed on a 
polygonal shape loaded on all of its corners uniformly so that the structure is in equilibrium. This 
step is followed by a stability analysis (STABI), in which the buckling modes of the shell are found, 
through the eigenvalues.  The first four buckling modes calculated are then superposed, to create a 
mesh which has the same average thickness of the polygon studied, i.e. the out-of-plane 
displacements of each mode obtained are the membrane’s thickness divided by four. This new 
mesh, in which buckling imperfections are present, is used as the basis of the second part of the 
analysis. A non-linear analysis (MECANO) is then performed, but does not allow the structure to be 
unstable (negative pivots) by rejecting the unstable time steps.  A switch is made between static and 
dynamic analysis, which is used with numerical damping, until the next stable time step. The results 
of this analysis give details of the wrinkles in the membrane. This is the standard procedure 
developed by SAMTECH (SAMTECH, 2006b). 
SAMTECH developed specific shell elements for membrane analysis. Their particularity is 
that they have three degrees of freedom only: displacements in the x, y and z directions but no 
degree of freedom for the rotations, which remain fixed. This generates better results and ensures 
stability, especially when the bending stiffness is small, making convergence of the results higher. 
For these elements to be used the “MEMBRANE FLEXION” hypothesis has to be employed.  
The mesh is made up of triangular elements which are generated automatically by Samcef 
and the material used is specified as elastic and given the characteristics stated in an earlier section. 
The tabs are modelled by approximating the corner regions of the membrane to be four times the 
thickness of the membrane. This represents a triangular region at the corners, where the width of 
the tab is 25mm. However, as opposed to the experiment, only the corner node of the polygonal 
membrane is loaded as explained in the SAMTECH guidelines (SAMTECH, 2006b).   
In terms of time, the overall analysis is much longer than the linear one only, which had 
been presented in Chapter 3. The time taken is directly dependent on the number of elements 
present in the model, and for most of the geometries analysed in this thesis, which are polygons 
having an outer diameter of about 300 mm, the analysis took between thirty minutes and five hours, 
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depending on the wrinkles. All the results were generated on a standard Intel Core 2 CPU PC of 
2.66GHz and having 3GB of RAM. 
4.4.2.2 Comparison of results 
In order to validate the use of these parameters, some comparisons were made by SAMTECH 
between the results they obtained and the results obtained with the non-uniformly loaded square 
membrane model used by Wong (SAMTECH, 2006b). The result of the middle cross-section obtained 
with these two FEA softwares are reproduced in Figure 4.17(a) and (b). Figure 4.17(a) represents the 
result obtained by Wong with ABAQUS for a square membrane tensioned on two opposite corners. 
A large diametral wrinkle is created between the two most loaded corners. As can be seen, the FEA 
result matches well with the experimental data. In Figure 4.17(b), SAMTECH modelled the same 
setup in Samcef with the parameters described above, and the curve obtained with the optimal 
number of elements is shown. This curve has the most similar features as the reference shown in 
Figure 4.17(a). From this result, it was decided by SAMTECH that a new element was needed every 
2.5 mm along the edge of the structure or that eight elements were needed for one wrinkle half-
wavelength.   
Based on SAMTECH’s input files which are given in their report, two input files, 
corresponding to the first and second part of the analysis, were created to reproduce their analysis. 
Two Matlab files were produced to generate automatically the geometry and characteristics of n-
sided regular polygons in two input files needed for Samcef. The graph shown in Figure 4.17(c) was 
modelled using the same parameters as the SAMTECH group.  The model has 75000 elements and 
took 3 hours to finish.  The results are similar to the ones obtained in Figure 4.17(a), with the main 
wrinkle going up to 3 mm instead of 2.75 mm and the bottom wrinkle going down to -1.75 mm 
instead of -1.25 mm.  The second bottom wrinkle is also represented more accurately in this model, 
being exactly the same than in the reference experiment, making the general trend of the wrinkling 
similar to the experiment. The fact that this model predicts better the wrinkling than the one 
produced by SAMTECH is that the final load ratio between the corners T1 / T2 was limited to 3.9 : 1 
rather than 4 : 1. However, as said before, this model is made by only tensioning the corner node 
rather than a tab. Hence, to check the effect of having a tab, the exact tab conditions of the 
experiment was reproduced and the results obtained are shown in Figure 4.17(d). The results are 
similar than when tension is only applied at the corner node. The comparison between these two 
results are shown in Figure 4.18. 
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Figure 4.17: Comparison of results obtained from different methods for a square tensioned by 20 N on two opposite 
corners and by 5 N on the other two opposite corners. (a) shows the results obtained by Wong and Pellegrino (2003), (b) 
the results obtained by SAMTECH/ESA (SAMTECH, 2006a). (c) shows the results obtained with the proposed model using 
the membrane flexion hypothesis without tabs and (d) with tabs. No major difference exists between the models with 
and without tabs. 
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Figure 4.18: (a) shows the diagonal wrinkle obtained with the model without tabs, but just corner reinforcement and (b) 
shows the diagonal wrinkle with tabs like in the experiment. The main diagonal wrinkles have similar features. 
Whilst the reference model for a non-uniformly loaded square agrees well with the 
predictions made in Samcef, the case where the membrane is uniformly loaded is more problematic. 
Below in Figure 4.19 is the comparison between the predictions made by Wong (2003) and the 
predictions made by using the input files provided by SAMTECH for uniformly loaded membranes.    
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Figure 4.19: (a) shows the out-of-plane displacement results obtained in Wong (2003) for a uniformly tensioned 
membrane with tabs coming inside the membrane. Many wrinkles can be seen at a distance away from the corner going 
in radial directions. (b) shows the results obtained with Samcef following the guidelines for a uniformly loaded polygon 
tensioned on its corners nodes. Only one wrinkle is present close to three of the corners. The results do not match 
between the two methods. 
It is thought that the reason behind the difference observed in the above figure is that the 
Samcef input files apply loading on a single point at the corner of the membrane, rather than 
through a tab. In Figure 4.19(a), on the other hand, a force is applied along the corner’s edge on the 
nodes which are located on a straight line. The other main difference is that in the Samcef model the 
thickness of the membrane is increased in the corner region of the membrane, where the tab is 
placed in the experiment. In Wong’s case, the thickness is increased according to his experiment, 
where the tab goes inside the membrane, as shown in Figure 4.20. 
 
Figure 4.20: Tab geometry and tensioning mechanism used in Wong (2003). It can be seen that the tab goes inside the 
membrane. Whilst this tab arrangement ensures high levels of tension can be applied to the membrane as the adhesive 
area is large, the tab spreads the tension in a different way than if only the corner node is tensioned.  
The tab geometry proposed by Wong is suspected to produce more wrinkles in the 
membrane, which would be located on the side of the tabs rather than in front of them, due to 
some possible shearing effect as highlighted by the buckling modes he obtained shown below in 
Figure 4.21: 
(a) (b) 
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Figure 4.21: These figures represent the buckling modes used in Wong (2003) and taken as the basis of the non-linear 
analysis. It is clearly seen that the wrinkles induced are not radial, but are largely affected by the tab geometry. It seems 
that the wrinkles are created as a result of shear stress generated by the two sides of the tabs. No wrinkles are located 
in front of the tab.   
It can be clearly seen from the results that the geometry of the tab has a strong influence on 
the wrinkling pattern. Hence, the results obtained with Samcef can be compared with other work on 
which similar loading conditions have been applied. In Figure 4.22, membranes taken from various 
references which are loaded at their corner node only are shown and the out-of-plane 
displacements look more like the results obtained with Samcef. These out-of-plane shapes had also 
been checked against experiments which confirmed their validity, as shown in Figure 4.23. This 
shows that tab geometry does have a major importance when studying uniformly loaded 
membranes. 
 
Figure 4.22: (a) shows the out-of-plane displacement of a square membrane uniformly tensioned by 0.42 N on its corner 
nodes taken from Wang et al. (2008). Only three main wrinkles can be seen close to each corner. (b) also shows a square 
also tensioned on its corner nodes only by a tension of 2.45 N and taken from Tessler et al. (2005). In this square, five 
wrinkles can be seen on each corner. 
(b) 
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Figure 4.23: (a) shows the experimental out-of-plane displacements obtained with a square tensioned by 2.45 N on each 
of its corner, without tab. The figure shows a close-up of the bottom left corner of the square. The results were taken 
from Blandino et al. (2002). (b) shows the overall view of a square loaded under the same conditions taken from Tessler 
et al. (2005). 
To reproduce the results obtained in Figure 4.19(a) which represents the square having tabs, 
FEA models with several tab configurations were made, but none of them produced any wrinkles. 
The membrane stayed flat during the non-linear analysis. First, it was impossible in the linear 
analysis to produce buckling modes. Then, tricks to produce deformations were used, such as 
applying tension to two opposite corners only and using the buckling modes to create the non-linear 
analysis mesh. However, this did not produce any wrinkling in the non-linear analysis. Other models 
with different types of deformations in the mesh were used but no results were obtained.  The 
developer of the membrane wrinkling code from SAMTECH was contacted, but no solution was 
found to produce wrinkles for uniformly loaded membranes having tabs. Hence, only results with 
tension applied on the nodes were obtained. These can be used to compare results obtained with 
theoretical work, where membranes are loaded at the corner. This type of analysis would also be 
valid for the analysis of large membranes, where the tab is small in comparison of the overall 
membrane. However, for the experiment described earlier in this chapter, the lack of tab is likely to 
produce wrong predictions for uniformly loaded membranes. 
4.4.2.3 Modification of procedure 
In Chapter 2, it was seen that some work has been performed in the literature to check the influence 
of the initial deformations given to the mesh on the results of the non-linear analysis. It was shown 
that the final result had relatively small influence from the deformations which are added to the 
mesh as long as they are within a given scale. It was seen that the linear part of the analysis could 
even be suppressed by only applying random imperfections to small areas close to the corners of the 
membrane as the basis of the non-linear analysis, without affecting the final results.  
To test the validity of this method in Samcef, some random imperfections were added to the 
mesh. The imperfections, of the same order of magnitude as the ones used in the “standard” 
solution, were added at random locations. It was noticed that in general this resulted in wrinkles 
forming, even though the calculation was longer to perform. Hence, this confirmed the work done in 
literature. 
(a) (b) 
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Another method is proposed here, in which imperfections are induced by changing the 
properties of the material used. It has been noticed that by changing the elastic behaviour 
parameter of the material to one that deforms plastically, only a nonlinear analysis is necessary to 
obtain deformation of the membrane. The data for the plastic material was obtained by performing 
a simple test on the Instron machine, from which a stress/strain graph was obtained. The data 
obtained was used in the input file of the FEA.  
To illustrate the effects, and most particularly the evolution of the wrinkle amplitudes, 
Figure 4.24 shows the maximum amplitude of wrinkles in a six-sided polygonal membrane tensioned 
uniformly. It can be seen that when there is an initial imperfection, both the elastic and plastic 
material deform from the beginning. However, when there is no initial imperfection the elastic 
material remains flat as expected but the plastic material starts converging at a later stage. Once the 
first out-of-plane displacement has occurred it quickly gives the same results as the elastic analysis. 
After consulting the Samcef developer regarding this behaviour1, it is believed that the reason for 
this is the small errors in computation from Samcef which are generated for plastic materials. This 
artificially creates random imperfections in the shape studied. Therefore, this confirms that small 
imperfections are enough to make the membrane wrinkle. The main advantage of this method is 
that the original two-step analysis is now reduced to a single analysis, which means the user does 
not need to interact with the FEA software, and only one input file needs to be created. Also, this 
method produces wrinkles more naturally in the model, as random imperfections are involved in the 
creation of the wrinkles rather than imperfections coming from the buckling modes. The main 
disadvantage is that a sufficient amount of out-of-plane deformations are needed for the first 
wrinkle to occur. Hence this would not work well in certain cases. Another disadvantage of the 
method is that the time taken for the analysis was increased, from thirty minutes to an hour and a 
half. 
 
 
 
                                                          
1
 E-mail conversation with Philippe Jetteur from SAMTECH 
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Figure 4.24: Maximum vertical displacement of the wrinkles located close to the corners of a six-sided polygon on which 
a uniform displacement is applied on all of its vertices. It can be seen that an imperfection needs to be given to the mesh 
of the non-linear analysis if an elastic material is used, however this is not essential if a plastic material is used. After a 
certain corner displacement, the results from the plastic material converge with the results obtained with a deformed 
mesh.  
4.5 Chapter Summary 
In this Chapter, a range of regular polygons has been selected and different load cases applicable to 
these polygons have been suggested for analysis. These load cases are chosen either because they 
are representative of real-life situations in which the membrane is uniformly tensioned or in which 
one or several tension mechanisms fail, either purely for analyses purposes. Using the methodology 
developed in Chapter 3, the compressive regions are predicted in these polygons to find out where 
wrinkling regions are expected. This forms the basis of the problems that need to be studied. To 
check the results, experiments and FEA need to be made to check if the regions in which out-of-
plane deformations occur match with the predicted compressive regions. The procedure for both of 
these analyses is explained in the rest of this Chapter. A membrane material as well as a mechanism 
to apply loading on the membrane are chosen, and the results of the maximum force that can be 
applied on the vertices are presented. For the experiment, three different support structures were 
built for polygonal membranes having an outer radius of either 150 or 317.5 mm. Three novel image 
capture techniques are compared as well as two smoothing techniques to reduce the noise in the 
data. The Vialux device which captures 3D images is chosen, coupled with a Savitzky-Golay filter to 
smooth the data. Finally, a FEA software is presented and the results obtained from it are compared 
with literature. The influence of the tab details is highlighted for uniformly loaded polygons, and 
whilst good results are obtained for polygons tensioned at a corner point, results cannot be obtained 
when a larger tab is included due to software limitations. Concerning non-uniformly loaded 
polygons, tab design does not seem to influence much the wrinkle formation. Finally, a procedure to 
simplify the FEA is proposed by changing the material properties and good results are obtained. This 
simplifies the analysis as a non-linear analysis can be performed without the need for a prior linear 
analysis. 
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5. Chapter 5: Analysis of out-of-plane 
displacements 
 
 
5.1 Introduction 
In this chapter, wrinkle regions and wrinkle characteristics are studied. Chapters 3 and 4 developed 
methods to predict the location of compressive stresses, which are examined here in relation to the 
actual wrinkles.  In addition to showing where wrinkles are expected to form, the amount of area of the 
polygon occupied by the wrinkles will be investigated. The wrinkles’ characteristics will be qualified, 
specifically, their amplitude, wavelength and number. This information will help assess the suitability of 
n-sided polygons as reflective structures: the techniques developed will be used to understand how the 
geometrical shape and the loading affects the membrane wrinkling.  
This chapter is divided into two parts: the first part looks at uniformly loaded membranes, as they 
would typically be deployed in space. The second part looks at non-uniformly loaded membranes to 
simulate the outcome of the breakage of one or multiple tension corners. In both parts, the results 
obtained are compared using the procedures of Chapter 4: experimental work, FEA and theory. 
5.2 Uniformly loaded membranes 
5.2.1 Introduction 
Uniformly loaded polygonal membranes form the basis of this project’s proposal for the primary mirror 
of future space telescopes. Compression is present close to the corners and the area in compression 
increases as the number of side decreases. Experimental observations of wrinkles close to the corners of 
a polygon as well as FEA predictions are first presented and the results are then compared to a 
theoretical prediction of the wrinkling regions and of the wrinkle characteristics. In terms of wrinkle 
detail definitions, one wrinkle is considered to be either a crest or a trough, the amplitude is the height 
of this crest or trough and its length is a half-wavelength. 
5.2.2 Experiment 
In some of the previous work seen in literature (Cunliffe, 2003), the absence of wrinkles in relatively 
small membranes was highlighted. The same problems were therefore expected for the medium scale 
setup described in Chapter 4 and this was confirmed when two polygonal membranes of three and six 
sides were loaded uniformly in this device: for both of these membranes, no wrinkle was observed for 
all load magnitudes, and the surface remained flat. The same observations were made when repeating 
the experiments several times. Hence, it is for this reason that the larger scale setup was devised. In 
terms of accuracy of the results, it is known that the field of view of the Vialux device should be as little 
as possible to maintain a high degree of accuracy. Despite the membrane being larger, it is known that 
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wrinkles are expected close to the corners only, hence the general capture of the membrane is followed 
by a localised analysis of the corner, with a smaller field of view.  
In the large scale setup, the three-sided polygon was loaded up to 78 N on each corner. Wrinkles 
started appearing in the membrane close to one of the corners when uniform loading reached 50 N on 
each vertex. The wrinkles could be seen with the naked eye. The two other corners remained 
completely flat until the loading reached 70 N and then the membrane started wrinkling close to a 
second corner too.  When the maximum load of 78 N was reached, the membrane had one highly 
wrinkled corner, one corner with a few small wrinkles and one corner completely flat. The rest of the 
membrane, the central part, remained flat. A side view of the membrane under full loading can be seen 
in Figure 5.1. Similar observations were made when the experiment was repeated, with a slight variation 
on the threshold point when loading was sufficient to create wrinkles on each corner.   
 
Figure 5.1: Large scale triangular membrane under full loading during the experiment. This is a side view in which wrinkles 
can be observed on the two first corners. Notice also the black marks along the edges which have been drawn to be able to 
calculate sections with the 3D Vialux device. 
A three-dimensional image of the membrane was taken using the Vialux device, see Figure 
5.2(a). The out-of-plane displacement of the membrane is shown through the different colours. First, 
the membrane is not flat throughout its surface. The average height is shown in green but it can be seen 
that some areas are red and blue: the membrane has regions which have greater out-of-plane 
displacements than others. This is due to the accuracy at which the membrane is measured, as most of 
these areas lie within ±0.5 mm when looking at the scale of the results. The areas which have more out-
of-plane displacements than others are mostly located close to the edges of the membrane, due to 
some curling. To solve this issue, the general view shown in Figure 5.2(a) is not used in the calculations 
but just as a general view of the membrane. A measurement with the Vialux device is made much closer 
to the membrane, shown in Figure 5.2(b), where the accuracy of the measurement is much greater due 
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to the smaller field of view, but also where the local error can be treated by rotating the membrane in 
the software until it is flat. The wrinkles are not affected as they only occur close to the corner and the 
image produced is then seen with sufficient accuracy to make measurements. 
Before the membrane was tensioned, indication marks were drawn on the membrane’s edges at 
a distance of 50, 100 and 150 mm from the corner point. These marks were placed to facilitate the 
creation of sections of the membrane using the software. Sections were taken at these three distances 
and are compared in Figure 5.3 for the most wrinkled corner of the membrane. It was found that the 
amplitude of the wrinkles was the highest at 100 mm from the corners.  
Sections were taken at this distance for the other two corners of the triangle and are shown 
below in Figure 5.4. The same vertical scale is used in these graphs, and it is clearly seen that whilst the 
first two corners have some wrinkling, the third one remains flat. A summary of the wrinkle 
characteristics is shown in Table 5.1. For corners 1 and 2, a similar number of wrinkles with similar 
wavelengths are present in the membrane. However, as confirms the visual observations, the amplitude 
of the wrinkles measured differs from one graph to the other.  
 
        
Figure 5.2: Out-of-plane deformation taken with the Vialux device for the triangular membrane. (a) represents the overall 
shape of the tensioned triangle captured by the Vialux device whilst (b) is a detailed view of the black area shown in (a). 
Note that the two 3D images were taken independently to obtain a better resolution on image (b), by reducing the field of 
view. Wrinkles can be seen in both figures, even though they can be seen with more accuracy in (b). 
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Figure 5.3: Sections taken between points along the edge of the triangular membrane at different radii from the corner 
point. (a) shows the section taken between two points at 50 mm radius along the edge, (b) at 100 mm radius and (c) at 
150 mm. Note that the vertical scale is the same for all sections. The wrinkle is at a maximum amplitude for the 100 mm 
radius, but the wrinkles can be seen in the three sections. 
 
Figure 5.4: Sections taken at the other two corners of the triangle. The sections are shown at an edge radius of 100 mm. (a) 
clearly shows some wrinkling present but (b) does not show the sign of any wrinkling. 
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Corner Number of wrinkles Maximum amplitude (mm) Half-wavelength (mm) 
1 7-9 0.09 6-7 
2 7-9 0.05 6-7 
3 0 - - 
Table 5.1: Summary of the characteristics of the wrinkles seen in the triangular membrane during the experiment as 
observed in the above graphs. 
It is thought that the main reason behind the different tension magnitudes needed for different 
corners to wrinkle is due to the amount of initial imperfections in the membrane. By definition, the 
membranes always have some degree of imperfection in an experiment and this could affect the way 
wrinkles arise. This produces a progressive wrinkling of the corners, as seen by the difference in 
amplitude of the wrinkles in corners 1 and 2. The imperfections induced by the tabs could also have a 
large effect on the wrinkling as the tabs are attached to the membrane but are not part of it. During the 
experiment, it was observed that the tabs started detaching in certain areas during the loading, and this 
could have had an effect on the corners concerned. The tabs usually started detaching close to the edge 
of the membrane. This meant that as one corner of the tab started detaching, the other side continued 
to pull more and hence loading was not symmetric anymore. Little differences such as this one could 
have created enough imperfections for one corner to wrinkle before another one. 
In order to estimate the flat area present in the membrane, the maximum radius of wrinkling 
needs to be found. However, it is not possible to find it for the three corners, as only two have wrinkled. 
The radius is therefore found for the two wrinkled corners. These were measured during the experiment 
using a simple ruler, and were then checked with the results obtained with the Vialux device. This was 
done by locating the wrinkles and using the software provided by Vialux to measure distances on the 
membrane. Results corresponded between the two measurement systems to ±10 mm. For the triangle, 
the maximum wrinkling radius, Rwrin , was located between 170 and 210 mm on both of the wrinkled 
corners. This range was obtained when the experiment was repeated. 
As for the general shape of the membrane which is not entirely flat as mentioned previously, the 
deformations could be due to the curling of the membrane close to the edges, but also due to the 
connection between the membrane and the tabs. The difficulty to place the tabs on the membranes was 
noticed during the preparation of the experiments, and it can be thought that a minor defect could 
induce curvature to the membrane. Also, whilst the greatest care possible was given, it is not possible to 
have a frictionless device, and some small rotation of the tabs were sometimes observed, meaning that 
one end of the tab could have been higher than the other end, in relation to the membrane’s average 
plane. 
The experiment was also performed for a four-sided membrane, with the large scale setup, with 
a loading of up to 62 N on each corner. A similar trend was observed. As loading was increased, one 
corner started wrinkling at 40 N and the diagonally opposite corner shortly followed when 45-50 N were 
reached. When the experiment was repeated it was noticed that it was always two opposite corners 
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that produced wrinkles, at similar loading, whilst the other two remained unwrinkled.  A close-up view 
of a wrinkled corner is shown in Figure 5.5 and the wrinkle is measured at different edge radii as seen in 
Figure 5.6. As in the case of the triangle, the wrinkle with the highest maximum amplitude is located at 
an edge radius of approximately 100 mm. The wrinkles at an edge radius of 100 mm are shown for the 
four corners in Figure 5.7, and the characteristics of the wrinkles are summarised in Table 5.2. 
The measurements agree with the visual observations made, only two opposite corners have 
wrinkled, and it is seen that the wrinkle number, amplitudes and wavelengths are similar in these two 
corners. However, the graphs show a high degree of curling throughout the four angles of the 
membrane which could not be seen in the triangular membrane. In other words, some curvature, which 
could be considered as a single large wrinkle, is observed going from one edge of the membrane to the 
next one. Similar curling observations were made in the literature, but these were usually limited to the 
edges only, as stated in Chapter 2. 
In terms of flat area present in the membrane, the maximum radius of wrinkling was also 
estimated for the four-sided polygon using the same method as for the triangle. In this case, the 
maximum radius of wrinkling was found for the two opposite corners that wrinkled. The range of Rwrin 
varied between 130 and 180 mm. 
 
Figure 5.5: Close-up of the top corner of the square membrane as captured with the Vialux device. The out-of-plane 
deformation is shown with the various colours in the image. Wrinkles are seen towards the middle of the angle. 
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Figure 5.6: Sections taken between points along the edge of the square membrane at different radii from the corner point. 
(a) shows the section taken between two points at 50 mm radius along the edge, (b) at 100 mm radius and (c) at 150 mm. 
Note that the vertical scale is the same for all sections. The wrinkle is at a maximum amplitude for the 100 mm radius, but 
the wrinkles can be seen in the three sections. Note that a large amount of curling is observed at the three radii all along the 
sections.  
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Figure 5.7: Sections taken at the other three corners of the square. The sections are shown at an edge radius of 100 mm. (b) 
clearly shows some wrinkling present, and it is the opposite corner of the wrinkled one shown in the above graph but both 
(a) and (c) which are the other two opposite corners do not show sign of any wrinkling. Note that a large amount of curling is 
observed for all the corners all along the sections. The curling is positive for two opposite corners and negative for the other 
two corners. It is thought that this could be caused by initial imperfections. 
Corner Number of wrinkles Maximum amplitude (mm) Half-wavelength (mm) 
1 7 0.040 8 
2 0 - - 
3 7 0.035 8 
4 0 - - 
Table 5.2: Summary of the characteristics of the wrinkles seen in the square membrane during the experiment as observed in 
the above graphs. Note that opposite corners show similar characteristics.  
5.2.3 Finite Element Analysis 
The results obtained are then checked with FEA predictions. However, as explained in Chapter 4, a 
method to find the wrinkle characteristics of uniformly loaded membranes with the tabs used in the 
experiment does not work well: the non-linear analysis results in a flat membrane. Both for the three 
and four-sided regular polygons, results are obtained for polygons tensioned only on the corner node of 
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the membrane. An alternative method is also presented to calculate the wrinkling of the three-sided 
polygon with a tab.  
First the result of the three-sided polygon tensioned at its corner nodes was modelled in 
Samcef, using the standard parameters devised by SAMTECH: some thickness reinforcement is present 
at the corners of the membrane where the tab is meant to be. The corners are tensioned by 78N and 
the out-of-plane results are shown in Figure 5.8. The maximum wrinkle amplitude, which occurs very 
close to the corner, is of 0.37 mm. The three corners having similar wrinkling features, a cross-section SS 
was taken on one of the corners at a radius of 100 mm along the black line shown, at the same distance 
as in the experiment, as shown in Figure 5.8. A graph of the out-of-plane displacement of the section is 
shown in the figure. It can be seen that four wrinkles are present, spread out over the angle, with a 
maximum amplitude of 0.06 mm and with a maximum half-wavelength of about 20 mm.  
In terms of wrinkle region, Rwrin was calculated by looking at where no more wrinkles occur. For 
this, the scale of the out-of-plane results was set to ±0.1 mm and ten contours of equal displacement 
were drawn. As seen in Figure 5.8, the radius was measured when no more wrinkles were seen. In this 
case, Rwrin=235 mm. 
The computation time took 20 minutes to complete, and 39000 elements were used. The 
number of elements used was chosen following SAMTECH’s guidelines (SAMTECH, 2006b) which defines 
the minimum number of elements required as explained in Chapter 4. This ensures there are enough 
elements along the corners, for wrinkles to form. The same analysis was performed with 
155000 elements to compare the results obtained and the out-of-plane displacements were very similar, 
however the analysis took 60 minutes to complete.  
 
Figure 5.8: (a) shows the out-of-plane displacement of the triangular membrane tensioned by 78 N on its corner node. 
Wrinkles can be seen close to each corners, with maximum amplitude of ±0.37 mm however the figure only shows the 
wrinkles at a scale of ±0.1 mm for clarity.  Rwrin is determined from this figure to be 235 mm as seen in (a) and a section SS is 
taken between two points at 100 mm along the edge. (b) shows section SS taken in (a). The FEA was done with 
39000 elements and took 20 minutes to complete.   
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As seen in Chapter 4, one other solution to predict wrinkling whilst avoiding the linear analysis is to 
change the material properties and make the material plastic. The main disadvantage of this method is 
the increase in computation time. However, by using this method on the three-sided polygonal 
geometry with tabs similar to the ones used in the experiment, some results were produced with 
wrinkle details. The results obtained are shown below in Figure 5.9(a). A section was taken at the same 
distance as in earlier sections, and is seen in Figure 5.10. This is where the wrinkles with the maximum 
amplitude are located. The number of wrinkles is between 7 and 9, the maximum amplitude reaches 
0.4mm and the average half-wavelength is about 8-9 mm. It can be seen that the wrinkles are mostly 
located towards the centre of the corners, further away from the edges. The wrinkle characteristics are 
therefore different than in the previous analysis with a reinforced node, showing that tab details matter. 
In Figure 5.9(b), the scale was made to be ±0.1 mm to calculate the maximum radius of the 
wrinkles. In this case, Rwrin was calculated to be 220 mm. Despite the difference in tabs, this is a 
relatively small difference in radius than with the node tensioning seen above. As seen in the figure 
below, the centre remains flat. In terms of computation time, this analysis took longer than the one 
above and lasted about 60 minutes for 39000 elements to get the full results. 
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Figure 5.9: Out-of-plane displacement of the triangular membrane with tabs on the corners and using plastic analysis to 
introduce imperfections, obtained with FEA. The analysis took 60 minutes to complete and was made with around 39000 
elements. (a) shows the general out-of-plane shape. The wrinkles have maximum amplitudes of -0.4 and +0.42 mm. (b) 
shows the out-of-plane displacements limited to ±0.1 mm so that the flat region in the centre can easily be determined. Rwrin 
is calculated to be 220 mm in this case.  
 
(a) (b) 
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Figure 5.10: Section SS taken in the above figure is shown here, between two points located at a distance of 100 mm 
along the edge of the membrane. Nearly symmetric wrinkles can be seen along the section, mostly located at the centre 
of the membrane.  
The standard analysis where the corners are tensioned at their node only was also 
performed for the four-sided membrane. A load of 62 N was applied on each of the corners. The 
results are shown below in Figure 5.11. The maximum out-of-plane displacement was found to be 
0.68 mm, however, as opposed to the three-sided membrane, only one wrinkle could be observed, 
spanning from one edge to the other. This is clearly seen in Figure 5.12, which shows the section SS 
taken in Figure 5.11(a). This behaviour is similar to what was seen in the experiment, where the 
results obtained for a square show a large amount of curling from one edge to the other. It is 
therefore difficult to conclude if this should be considered as one single wrinkle, or as a large 
amount of curling. However, the results differ from the experiment as no smaller wrinkles are 
observed. 
The other interesting result obtained from this analysis is the importance of the initial 
deformations in the membrane. As seen in the results, two of the corners have out-of-plane 
deformation in the positive direction, and the other two in the negative direction: small 
imperfections have a strong influence on the direction in which the wrinkles form. 
As seen in Figure 5.11(b), finding the maximum radius of wrinkling is difficult due to the fact 
that only one wrinkle exists. In this figure, the scale has been brought to ±0.1 mm as in previous 
sections, and it can be seen that the curling affects a large area along the edges and the radius 
cannot be found from this analysis. 
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Figure 5.11: Out-of-plane deformation of a square membrane tensioned on its corner nodes by 62 N analysed by FEA. 
The maximum amplitude of the corner wrinkle is -0.68 mm as seen in (a). Only one large wrinkle is present close to each 
corner. Note that some of the corners have a wrinkle going in the upwards direction whilst some other corners have a 
wrinkle going in the downwards direction. The analysis took 30 minutes to perform and 70000 elements were included 
in the mesh. (b) shows the out-of-plane displacements with a scale of ±0.1 mm to see which areas remain flat. However, 
due to the large single wrinkle, it is difficult to estimate Rwrin due to the general curling of the membrane. The flat region 
is not delimited by a radius of wrinkling in this case. 
 
Figure 5.12: Section SS taken from the above figure. It is clearly seen that there is only one main wrinkle close to the 
corner, no smaller wrinkles exist for the square membrane. 
Regarding the four-sided polygonal geometry with tabs like in the experiment, the method 
which consists of changing the material properties from elastic to plastic did not work in this case. 
This method resulted in the membrane staying flat. Several other attempts were made to produce 
some wrinkles in the polygon, however all the methods experimented failed. Therefore, the results 
of a uniformly loaded four-sided polygon with tabs could not be obtained. 
5.2.4 Theory 
An analysis is performed to check whether the wrinkle details and regions obtained with the 
experiment can be modelled through some theoretical work. Wong & Pellegrino (2003) developed a 
model of wrinkling of square membranes tensioned at their corners and their results compared well 
with their experimental observations and FEA.  Here, this theory is modified and extended to predict 
wrinkling in regular polygons with any number of sides, as follows. 
0 50 100 150
-0.5
-0.4
-0.3
-0.2
-0.1
0
0.1
0.2
0.3
0.4
0.5
 
 
FE data
(a) (b) 
Distance along the section (mm) 
O
u
t-
o
f-
p
la
n
e
 d
is
p
la
c
e
m
e
n
t 
(m
m
) 
Chapter 5: Analysis of out-of-plane displacements 
 
102 
 
5.2.4.1 Wrinkle regions 
The standard stress field described in Chapter 3 is used here, in which the wrinkled region close to 
each corner is made up of uniaxial stresses, σr , according to the following equation, which is the 
same as Equation (3.1), repeated here: 
 
   
  
       
 
(5.1) 
 
 
The different terms, as defined in Chapter 3, are shown in Figure 5.13 below and t corresponds to 
the thickness. 
r
T
α 
σr
σθ 
 
Figure 5.13: Focus on the corner region of a n-sided polygon under tension T, and semi-angle α. 
The other stresses, σθ and τrθ, are zero, by definition. The constitutive material behaviour is linear 
elastic and is written as:  
   
  
  
 
(5.2) 
 
 
Where E is the Young’s modulus and εr is the radial strain. The radial displacement, u, which is 
positive in the direction going from the centre of the membrane towards its corners when tension is 
applied, corresponds to the integral of the radial strain in this direction: 
 
  ∫       
(5.3) 
 
 
The constant of integration C of equation (5.3) can be found by assuming that at a distance r = R, R 
being half of the polygon edge’s length, when the stress distribution becomes biaxial, u must be 
equal to zero due to close to zero displacements.  Hence, solving this integral by substituting 
Equation (5.2) into Equation (5.3), the radial displacement is: 
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In which: 
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(  
 
 
)] 
(5.5) 
 
 
rm being the membrane’s outer radius. For geometric compatibility, the hoop strain denoted by    , 
needs to be:  
     
 
 
 
(5.6) 
 
 
But it is also known that the material hoop strain capacity εθm is dependent on Poisson’s ratio, ν , and 
is given by: 
       
  
 
 
(5.7) 
 
 
Wrinkles will form in the membrane when the material capacity is exceeded, i.e. when  
 
 
   
  
 
. 
The region in which this happens can be calculated by substituting and re-arranging equations (5.1), 
(5.4), (5.6) and (5.7): 
 
  [
 
 
]    
(5.8) 
 
 
Equation (5.8) defines the regions in which wrinkles will form.  From this, the outer edge of the 
wrinkled zone can be defined when r = Rwrin. Substituting this term and re-arranging equation (5.8):   
        
  ( )   (5.9) 
 
The wrinkling region will be located wherever         . 
5.2.4.2 Wrinkle characteristics 
In order to find wrinkle characteristics, assumptions need to be made. It is assumed that there are 
wrinkles in the corner of a tensioned membrane and that all these wrinkles are equally spaced 
throughout the angle of the corner. Hence, the angle occupied by each wrinkle, γ , is represented by: 
   
 
 
 
(5.10) 
 
 
Where     and η is the number of wrinkles. 
Following from this, as wrinkles form in the direction of the principal stresses which are radial, as 
stated by Stein and Hedgepeth (1961), it is assumed that the half-wavelength,   , of one wrinkle is: 
   
 
 
  
(5.11) 
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The result is dependent on the radius r, hence the wavelength gets larger as distance from the 
corner increases. The different terms can be seen in Figure 5.14. 
 
 
Figure 5.14: Representation of the wrinkled region which is analysed in the theory, taken from Cunliffe (2003).  (a) shows 
the whole wrinkling region and (b) represents the details of an individual wrinkle.  
The out-of-plane displacement w of the wrinkles can be assumed to follow the compatible 
trigonometric shape, which is similar to the one used in Wong & Pellegrino (2003), built using the 
product of a sinusoidal and a cosinusoidal function, a shape assumed for in this model: 
       (
    
        
 )    (
  
 
 ) 
(5.12) 
 
 
A is the maximum amplitude of the wrinkles, as defined later, and   is an arbitrary angle taken from 
the line of application of the tension force. The sinusoidal and cosinusoidal terms represent the 
coefficient of magnitude of the amplitude at a given point in the directions parallel and 
perpendicular to the wrinkles respectively. In the theory, a region close to the corner is assumed to 
be in biaxial tension and is delimited by r1. The different terms can be seen more clearly in Figure 
5.14. 
As seen in the previous equations, to measure the out-of-plane displacement and the 
wavelength of the wrinkles, the number of wrinkles as well as their maximum amplitude need to be 
calculated. For this, it is assumed that the behaviour behind the creation of a wrinkle in a membrane 
is similar to the behaviour of a thin plate in which a critical compressive load is needed to make the 
plate buckle.  Hence, in this case, a critical load is needed for the wrinkling to occur.  Assuming the 
plate has a half-wavelength λ perpendicular to the wrinkles, this critical stress is represented by σcr: 
 
     
  
  
   
  (    )
 
(5.13) 
 
 
This result is obtained by looking at the equations governing the buckling of a plate in Calladine 
(1989).  
(a) (b) 
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Looking at Equation (5.9), it can be seen that all the regions where r       , a “wrinkling” 
strain         is needed through an out-of-plane displacement to satisfy compatibility.  This can be 
summarised as: 
                (5.14) 
 
The wrinkling strain can be calculated as it is related to the shape the wrinkle takes and its 
amplitude. At the point of maximum amplitude, the wrinkling strain is:  
 
        
    
    
 
(5.15) 
 
 
In this equation, the half-wavelength at the point of maximum amplitude, λ’ , can be obtained from 
Equation (5.11) by knowing that at this point r 
(        )
 
 . Hence    
(        )
 
 . 
Equation (5.14) can now be solved by substituting and rearranging equations (5.1), (5.4), (5.6), (5.7) 
and (5.15): 
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(5.16) 
 
 
Equation (5.16) can be rearranged to obtain an expression for the maximum wrinkle amplitude, A: 
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(5.17) 
 
 
The only unknown in this equation is η, the number of wrinkles, which is needed to determine the 
wavelength.  Hence, the number of wrinkles has to be determined next.  For this, the membrane’s 
out-of-plane equilibrium can be found at the point of maximum amplitude of the wrinkle. The 
curvatures in the radial and hoopwise direction,    and    respectively, are multiplied by their 
respective stress to obtain equilibrium:  
             (5.18) 
 
The radial and hoop curvatures can be obtained by differentiating twice w in Equation (5.12). Given 
that these curvatures are required at the point of maximum amplitude, both the sinusoidal and 
cosinusoidal expressions are maximised, hence made equal to one, and can be eliminated.  For this, 
at the point of maximum amplitude, it is known that   
(        )
 
 and    . Therefore: 
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It can be said that in the wrinkled region        , as this is the stress the membrane can take at its 
limit, and equations (5.1), (5.13), (5.19) and (5.20) can be substituted into (5.18) to get: 
  
     (        ) 
 
       
    (    )  (        )
   
(5.21) 
 
 
Rearranging the equation and making η the subject gives the number of wrinkles: 
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(5.22) 
 
 
Equation (5.22) gives the number of wrinkles and can be used to find the maximum amplitude in 
Equation (5.17). These two equations can be used to find the wavelength and the out-of-plane 
displacement of wrinkles anywhere in the wrinkled regions by substituting their result in Equations 
(5.11) and (5.12) respectively. 
The equations derived in the above two sections predict the wrinkled region as well as the 
different characteristics of wrinkles for n-sided regular polygons. Several assumptions are made in 
this procedure such as the fact that stresses are divided into uniaxial and biaxial regions and wrinkles 
in a same corner all have the same wavelength and hence are evenly spread out. As seen in Chapter 
3, the problem is more complex than this as only one point in the membrane is purely biaxial, and 
uniaxial stresses only occur close to the corners. However, this is a good method to find the wrinkles’ 
characteristics theoretically, as approximations need to be made to simplify the problem.  
It is also worth noting that this prediction is entirely dependent on the shape of the stress 
field, hence the equations developed could be used to predict wrinkles in non-regular polygons as 
long as the shape of the stress field is correctly assumed.   
5.2.4.3 Results 
First the wrinkle regions are studied. According to the equations obtained, the unwrinkled area in 
the membrane can be calculated by subtracting the wrinkled area from the total membrane area: 
                       (
 
 
)         
  
(5.23) 
 
 
R is known to be half of the polygon edge’s length and Rwrin can be calculated through equation (5.9), 
hence the unwrinkled area can be calculated for any membrane. The area of biaxial tension close to 
the corner with a maximum radius of r1 is not considered as an unwrinkled area in the calculations, 
given that it will be used as an attachment region, on which the tab will be placed. Hence, this area 
cannot be used for reflectivity if the membrane is used as a mirror. Results of flat area are shown 
below in Table 5.3 for the medium and large scale polygons described in Chapter 4. Similarly to 
compressive regions, the results are independent of loading magnitude. 
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Polygon’s 
radius 
(mm) 
Polygon’s 
number of 
sides 
Polygon’s 
area (mm2) 
r1 
(mm) 
Rwrin 
(mm) 
Wrinkled 
area 
(mm2) 
Unwrinkled 
area (mm2) 
Unwrinkled 
area (%) 
150 
3 29228 25.0 92.5 
8975 
13429 15799 54.1 
4 45000 17.7 75.5 17905 27095 60.2 
6 58457 14.4 53.3 17905 40552 69.4 
317.5 
3 130952 25.0 195.7 60166 70786 54.1 
4 201613 17.7 159.8 80221 121392 60.2 
6 261903 14.4 113.0 80221 181682 69.4 
Table 5.3: Results of the total area of a three and four sided-polygonal membrane as well as of the unwrinkled area. The 
table shows the results for polygons having two different radii. The unwrinkled area is represented in terms of 
percentage of the total area, and it can be seen that as the number of side increases, more area becomes unwrinkled. 
The results show that in all regular polygons the unwrinkled region is always greater than 
the wrinkled region. However, the results are not the same for different number of sides and the 
general trend is that as the number of side increases, the unwrinkled area increases as well. This is 
logical, as by definition R which defines the limit of the uniaxial stress region becomes smaller as the 
polygon’s edge is reduced: the wrinkled area decreases accordingly. 
It can also be seen from the results that the percentage area of the membrane which is 
unwrinkled is independent of the size of the membrane. Hence, these results can be used to find the 
useable area of any size membrane. Also, referring back to results in Stamper et al. (2000) and 
shown in Chapter 2 in the literature review, it was said that the flat area of a membrane varied 
between 78 and 85% for polygons of three to six sides. Table 5.3 shows that the values are actually 
lower than this, varying between 54 and 69%. 
Another piece of information that can be extracted from the theory is the number of sides 
needed to prevent the membrane from wrinkling at all. Logically, it is clear that when          no 
wrinkles will form as the length of the wrinkle would be equal to zero. However, even when this is 
not the case, when a polygon reaches a given number of sides dependent on the polygon’s size, no 
more wrinkles exist: the material’s capacity is higher than the amount of strain imposed on it. 
Hence, Equation (5.8) can be re-arranged to find the conditions under which the membrane will be 
unwrinkled, giving: 
      
  (5.24) 
 
r1 being the radius of the tabs used along the edge of the membrane. 
In terms of the factors influencing this absence of wrinkling, R is dependent on the size of the 
polygon and on its number of sides. Results are shown below in Table 5.4 for polygons of different 
sizes. They show that for this inequality to be satisfied, and hence for a membrane to be unwrinkled, 
the number of sides needs to be high or the polygon needs to be small. An interesting aspect is that 
the thickness of the membrane is not taken into account in this equation. According to experimental 
work seen in the literature, thickness seems to matter as wrinkles do not form as easily as 
membrane thickness increases. It would be difficult to test experimentally the polygons shown in 
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Table 5.4 given the high number of sides, however it is unlikely that the results would be the same 
for membranes having different thicknesses. 
Outer radius 
(mm) 
Number of sides required to 
prevent wrinkling 
150 28 
317.5 59 
1000 190 
Table 5.4: Number of sides required to completely suppress wrinkling in regular polygonal membranes of different radii. 
The number of side is very high and it increases even more as the radius is increased.  
According to the results obtained in this section, which will be compared against 
experiments and FEA in the following section, it is seen that more than half of the area of a 
polygonal membrane will be unwrinkled, hence the possibility of using polygonal membranes as 
reflectors seems realistic. However, these results show that it is unrealistic to believe that a 
polygonal membrane, in its current configuration, can be designed to produce an entire shape 
without wrinkles. Getting rid of the wrinkles would involve either very small polygons, either very 
large number of sides. For space applications, as stated in Chapter 1, none of these two options is 
desirable. Hence, it is clear that polygons where wrinkles are present will have to be dealt with, and 
the necessity for further analysis is necessary. 
In terms of wrinkle details, the equations developed were used to obtain wrinkling 
characteristic results for n-sided polygons of up to thirty-six sides. The calculations were performed 
for three different size scales: for the medium and large scale presented in Chapter 4 as well as on a 
larger polygon of 1000 mm radius. The results were calculated, with the polygons tensioned by 20 N 
on each vertex.  
The results are shown in Figure 5.15 for the maximum amplitude of the wrinkles. First, it can 
be seen that smaller scale polygons have less wrinkle amplitude than larger polygons. Hence, it is 
clear that as the size of the polygon gets larger, there will be more pronounced wrinkles present in 
the membrane and more corrections will be required. Then, it can be seen that as the number of 
side goes up the amplitude of the wrinkles falls. The decrease is dramatic for polygons with few 
sides, and becomes less important as the number of sides keeps increasing. The amplitude of the 
wrinkles gets close to zero as a certain number of sides is reached, and it can be seen on the medium 
scale membrane that the amplitude actually reaches zero amplitude by the time the number of sides 
is 27. A similar trend would be observed if the number of sides was increased further on the 
membranes with the larger scales, as seen from the results obtained above for wrinkling regions: 
when a certain number of sides is reached, there is no more wrinkling. 
Figure 5.16 shows the evolution of the number of wrinkles as side number is increased. In 
terms of number of wrinkles, the opposite trend than in Figure 5.15 is observed: as the number of 
side increases, the number of wrinkles goes up. This is because as the number of wrinkles goes up, 
each of the wrinkles cannot have as much amplitude. However, this effect is seen much more on the 
medium scale polygon rather than on the two larger ones. The number of wrinkles is not plotted for 
27 sides or more for this polygon, as the wrinkle amplitude is zero: there are no wrinkles. For the 
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largest polygon tested, it seems that the number of sides does not have much impact on the number 
of wrinkles, as the number of wrinkles is constant from about six to thirty-six sides, where 22 
wrinkles are predicted. 
 
Figure 5.15: Evolution of the maximum wrinkle amplitude in the corner of membranes as the number of side is 
increased. This is looked at for polygons having different size: with a radius of 150, 317.5 and 1000 mm. The maximum 
amplitude decreases as the number of sides increases and reaches 0 for the small polygon after 26 sides are reached as 
no wrinkles are expected for this number of sides. 
 
Figure 5.16: Evolution of the number of wrinkles in the corner of membranes as the number of sides is increased. It can 
be seen that the number of wrinkles increases as the number of side increases. 
In the tables below, some of the results obtained in the graphs above are shown for the 
three, four and six-sided polygons. Table 5.5 shows the results for polygons of the medium size, i.e. 
having a radius of 150 mm and Table 5.6 shows the results for the polygons with the large size, with 
a radius of 317.5 mm. As well as the results obtained with a uniform tension of 20 N on each of their 
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corners, results are also shown for polygons loaded to a value close to the failure limit, which is 
different for polygons of different number of sides as explained in Chapter 4. The latter results were 
calculated so that comparisons can be made with experiments and FEA. As well as the number of 
wrinkles and their maximum amplitude, the wavelength and the radius at which the wrinkles’ 
amplitudes are at their peak are shown. As expected, the wavelength decreases as the number of 
side increases. It can also be seen that tension is another factor which influences wrinkles’ 
characteristics. 
Number of 
sides 
Load 
(N) 
Number of 
wrinkles 
Radius of maximum 
amplitude (mm) 
Maximum 
amplitude (mm) 
Half-wavelength 
(mm) 
3 
20 13 
59 
0.15 4.69 
78 18 0.21 3.34 
4 
20 16 
47 
0.14 4.47 
62 21 0.18 3.37 
6 
20 19 
34 
0.11 3.57 
40 23 0.13 3.00 
Table 5.5: Results obtained for different wrinkle characteristics from the theoretical work for polygons having a radius of 
150 mm. Calculations were made for two levels of loading: one of 20 N for all polygons and one close to the failure limit 
determined in Chapter 4. 
Number of 
sides 
Load 
(N) 
Number of 
wrinkles 
Radius of maximum 
amplitude (mm) 
Maximum 
amplitude (mm) 
Half-wavelength 
(mm) 
3 
20 13 
110 
0.20 8.74 
78 18 0.32 6.22 
4 
20 16 
89 
0.20 8.24 
62 22 0.27 6.21 
6 
20 20 
64 
0.17 6.64 
40 23 0.20 5.58 
Table 5.6: Results obtained for different wrinkle characteristics from the theoretical work for polygons having a radius of 
317.5 mm. Calculations were made for two levels of loading: one of 20 N for all polygons and one close to the failure 
limit determined in Chapter 4. 
5.2.5 Comparison of results and discussion 
Wrinkle regions as well as wrinkle characteristics were analysed through three distinct methods in 
the first part of this chapter. The results obtained are summarised below. 
In Table 5.7, the maximum wrinkling radius found through the different methods is 
summarised when applicable, for polygons with outer radius 317.5 mm. It can be seen that all of the 
results are generally in the same range despite the FEA results being slightly higher. In general, the 
maximum wrinkling radius Rwrin for the triangle is approximately 200 mm with a difference of ±17.5% 
between the methods and for the square approximately 155 mm with a difference of ±16%. The 
trend is the same for the theory and the experiment: as the number of side increases, the radius of 
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wrinkling decreases. However, in the experiment, some of the corners always remain unwrinkled as 
wrinkling seems to arise only after a threshold tension force is applied on the corners. On the other 
hand, according to the theory, the wrinkling region is expected to be independent of loading 
magnitude: wrinkles are expected even at very low tensions. This is a difference between the 
experiment and the theoretical model. FEA also has a tension threshold, but it is much lower than 
the one observed in the experiment, as wrinkles are present in all corners for the loads investigated. 
Geometry 
Rwrin (mm) 
Theory Experiment FEA 
Triangle 
Tab - 170-210 220 
Node 196 - 235 
Square 
Tab - 130-180 - 
Node 160 - - 
Table 5.7: Comparison of the results obtained between the different techniques for the maximum radius of wrinkling. 
The results in the three methods correspond to less than ±17.5%. Even though some of the data could not be obtained 
due to technical limitations, the tab geometry seems to be playing a role in the wrinkling radius. 
The comparison of the wrinkle characteristics obtained through the different methods is 
summarised below in Table 5.8. Some of the results are similar, such as the wrinkles’ half-
wavelength, whilst others are different, such as the number of wrinkles and the maximum wrinkles’ 
amplitude.  
Geometry Method Number of wrinkles Maximum amplitude (mm) Half-wavelength (mm) 
Triangle 
Theory 18 0.32 6.2 
Experiment 8 0.09 6.5 
FEA 
Node 4 0.06 20 
Tab 8 0.4 8.5 
Square 
Theory 22 0.27 6.2 
Experiment 7 0.04 8 
FEA 
Node 1 (curling) 0.25 141 
Tab - - - 
Table 5.8: Comparison of the results obtained for the 317.5 mm radius membranes between the different techniques for 
different wrinkle characteristics. In general, it can be seen that the presence of a tab gives different results than when 
the tension is only applied through a node. Half-wavelengths are calculated at point of maximum amplitude. 
Overall, both the theoretical model and the FEA do not reproduce faithfully the wrinkle 
characteristics observed in the experiment. In the medium-scale model, the experiment does not 
produce any wrinkles whilst both the theory and the FEA predict some wrinkling. In the large-scale 
model, differences in the results are seen between the various methods as shown in Table 5.8. In the 
FEA, the results vary depending on the tab used as the wrinkle characteristics are very different for 
both of the triangles. Regarding the square, the FEA only predicts the curling of the membrane, but 
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fails in predicting the smaller wrinkles. In the theory, the predicted number of wrinkles is too high, 
and this seems to affect all the other wrinkle details. In Wong (2003) already, the author concluded 
that the number of wrinkles predicted by the theory was high; but the fact that low tension forces 
were used in this report under-estimated this phenomenon. However, the tension force is not the 
cause of the difference, and, this only influences the extent of the problem.  
In a similar way to the FEA, it is believed that the main reason resulting in these differences 
is the attachment connection between the membrane and the tension force. In Chapter 4 already, 
when comparing various reports in literature, very different results were presented in terms of 
wrinkling characteristics between square membranes having similar geometry but different tab 
connections. In the present analysis, the theory assumes that the tab can be modelled as a biaxial 
region located at the corner of the membrane. However, in the experiment, the tab is uniformly 
tensioned; there is no biaxial region close to the corners. Concerning the FEA, only the corner node 
is being tensioned in the triangular and square analyses. Only the triangle having tabs in the FEA is 
similar to the experiment, but even then the material properties are set to plastic and this does not 
seem to replicate experimental observations. To conclude, all of the tabs are different between the 
methods used due to the methods’ individual limitations.  
To investigate the effect of the tab geometry in more details, a simple linear FEA was made 
on four different tab connections, only looking at the local effect on the first and second principal 
stresses, close to the tab connection. The analysis was done for a membrane tensioned on its corner 
node only, a membrane with corner thickness reinforcement tensioned on its corner node only, a 
tab similar to the one used in the experiment and finally a tab similar to the one used in Wong’s 
results (Wong & Pellegrino, 2003). The results are shown in Figure 5.17. These clearly show that the 
tab influences greatly the stress field in the corner of the membrane. Looking at the second principal 
stresses, it can be seen that both the simple node tensioning and the inside tab tensioning produce 
some compressive stresses at the connection between the tab and the membrane. However, the tab 
used in the experiment produces some tensile stresses at the connection between the tab and the 
membrane.  
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Figure 5.17: Stress field close to the corners of triangular polygonal membranes with various types of tab attachment. It 
can be seen that depending on the tab used, various stress fields are present and affect the membrane. The upper figure 
shows the first principal stress and the lower figure the second principal stress. For the lower figures, a scale is shown to 
differentiate the positive and negative second principal stresses. (a) shows the tab attachment recommended by 
SAMTECH where tension is applied to the corner node only but the thickness at the corner is reinforced where the tab is 
meant to be. (b) shows the corner when only the corner node is tensioned. (c) shows a tab geometry similar to the one 
used in the experiment in this report. (d) shows the tab geometry used in Wong & Pellegrino (2003). Note that the 
stresses from one tab to the other do not have the same scale; this is done for clarity of results. 
The results obtained confirm the benefits of using the tabs chosen in the present experiment 
over other ones. With these tabs, which were already suspected to be beneficial in terms of 
wrinkling as explained by a simple FEA on stresses in literature (Cunliffe, 2003), no compression is 
present close to the membrane’s corners. Whilst the effects of these tabs had not been investigated 
on actual wrinkles, the fact that relatively little wrinkling is seen in the experiment but also the fact 
that no wrinkles can be created in the FEA shows that using these tabs is beneficial towards wrinkle 
mitigation. As a comparison, the results presented in Chapter 4 from literature detailed that with 
tabs that go inside the membrane wrinkles can be seen at low load magnitudes, as low as 5 N. Also, 
other work showed that wrinkles were present in membranes at tension magnitudes as low as 2.5 N 
when only the corner point was loaded. In the present experiment, no wrinkles could be seen for 
such low magnitude of loading, and FEA did not produce any results either. 
It is believed that the tabs which go inside the membrane induce some shear forces by 
pulling a rectangular strip of the membrane, as explained when the buckling modes are looked at in 
Chapter 4. Similarly, the membrane which is only tensioned at the corner point will have a stress 
singularity, and even a very small force is expected to cause wrinkling. It is for this reason that in our 
case, wrinkling results are only obtained in the FEA when the corners are tensioned at the corner 
nodes, but not when the experimental tab is included. The wrinkles seen in the FEA for the triangle 
with the tabs could be the result of plastic deformations, which would also explain the high 
amplitude of the wrinkles seen and the impossibility of reproducing the result in a square 
membrane. It could be for this reason that wrinkles are only seen at high load magnitudes, as the 
tabs prevent plastic deformations from arising earlier. 
(a) (b) (c) (d) 
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In conclusion, it seems that tabs have a major influence on the wrinkles present in the 
membrane, as is reflected from the FEA and experiments where these effects can be tested. The 
theoretical approach gives a good estimate of the wrinkling radius, but fails in predicting which 
corners are going to wrinkle. The tab geometry cannot be changed without making a more complex 
theoretical model. It is more difficult to see wrinkles with the tabs used in the present experiment 
than what is expected from the theory and FEA as well as in the literature: this proves that great 
care must be taken when choosing the tab as this can have a large influence on wrinkle 
characteristics and can help towards wrinkle mitigation. The tabs used in the present experiment 
seem to be good candidates to tension polygonal membranes. At relatively low load magnitudes, 
none of the corners should wrinkle as the wrinkle threshold will not have been reached. 
5.3 Non-uniformly loaded membranes 
5.3.1 Introduction 
The wrinkles in non-uniformly loaded polygons are considered from the consequences of the failure 
of at least one of the tension points in a membrane. Chapter 4 revealed very extensive compressive 
regions and it is important to understand how the compressive regions link with the wrinkled 
regions. From the results obtained next, it will also be possible to assess how much of the area 
remains flat when the membrane is non-uniformly loaded. 
5.3.2 Experiment 
The 150 mm outer radius membranes were loaded according to the four load cases shown in 
Chapter 4, first by uniformly tensioning the membrane by a nominal load on all of its corners, and 
then by increasing gradually the loading on selected corners. For a better wrinkle visualisation, the 
membranes were loaded until failure and breakage occurred and photographs were taken at each 
load increment. The final membrane shapes are shown in Figure 5.18 for load case (ii) and (iii).  As 
expected, all reveal some distinct wrinkle formation between the loaded corners.  Load case (ii) 
contains a main wrinkle path going from the two loaded corners, where several large wrinkles form. 
Some other smaller wrinkles are observed emanating from the nominally loaded corners too and 
between all of the corners, some regions can be observed where the membrane seems to be slack. 
In load case (iii), two main wrinkle paths occur between the highest-loaded corners which are the 
closest.  Another less pronounced wrinkle path starts from the highest-loaded corner towards the 
diametrically opposite corner; however, this wrinkle path stops halfway in the middle of the 
membrane. Loose regions are also seen close to the nominally loaded corners. This last load case 
suggests that wrinkles seem to choose the shortest path when corners are equally loaded, as 
distance seems to increase the resistance against wrinkle formation. 
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Figure 5.18: Experimental results taken with the photography method for load case (ii) and (iii) loaded at a maximum 
tension of 70 N and 90 N respectively. Large diagonals wrinkles are clearly seen in both pictures. 
Pictures were taken at each load stage as the forces were gradually increased, in order to 
see the evolution of the wrinkles.  An example is shown in Figure 5.19 for load case (ii).  The increase 
of amplitude of the main wrinkle, which runs between the left and the right corner, can be clearly 
seen.  Some other smaller wrinkles can also be observed emanating from the nominally loaded 
corners.  It can be seen how the smallest imperfections affect the wrinkles’ behaviour which are not 
exactly the same, particularly at early stages of loading. As loads are increased, the wrinkles change 
their location; and their amplitude, wavelength and number is affected.  The wrinkle paths present 
next to less loaded corners mostly develop at higher loads, and the smaller but significant wrinkles 
can be seen clearly once 30 N is reached. 
Figure 5.20 shows the evolution of load case (iii), and the first stage of the loading shown in 
this figure illustrates once again the effect of initial imperfection in the membrane. When wrinkling 
starts, there is no symmetry as they appear on the upper half of the membrane. An increasing load 
produces graduating bilateral symmetry as the large tension paths direct the shape of the 
membrane. This load case also shows how the wrinkles are less inclined to be spread out as the 
highest loads are reached, and only then, they are located between the loaded corners only.    
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Figure 5.19: Evolution of the wrinkles in load case (ii) as the loading on the corners is increased in increments of 10 N.  A 
main wrinkle forms between the left and right-hand corners.  As the forces are increased the wrinkle is more visible and 
when a force of 30 N per corner is reached, some other smaller wrinkles are seen at all the other corners.  All the 
wrinkles are amplified as the forces are increased.  The final image shows a “star” shape in the membrane due to very 
tense and very loose regions in close proximity. 
 
 
Figure 5.20: Evolution of the wrinkles for load case (iii) between different load increments. On the image to the left, it 
can be seen that the wrinkles are not symmetrical despite the symmetric loading arrangement. It can be seen that when 
the loading reached 90 N the wrinkle paths are very clearly determined. 
Displacements were also measured using the Vialux device, and the results are shown in 
Figure 5.21 for load case (ii) and in Figure 5.23 for the other three load cases.  
The wrinkle details and the general shape are captured with high accuracy in Figure 5.21. 
The contoured planform views correspond well visually with the photographs shown in the above 
section and even the highly deformed parts of the membrane are captured through this method. 
Figure 5.21(a) is a general view of the membrane, whilst Figure 5.21(b) shows the wrinkle details 
with more accuracy as the out-of-plane scale is decreased. As well as the main diagonal wrinkle, the 
wrinkles at the nominally loaded corners can be seen. These images also show clearly the loose 
regions, shown in red, which are located at a different depth.  
Without need of a noise reduction method owing to a reduced resolution of scale compared 
to the uniform case, a section is taken along line SS shown on Figure 5.21(a) and is shown in Figure 
5.22. A main wrinkle is clearly seen in the middle and next to it are two smaller wrinkles. The 
amplitude of the main wrinkle is 2.5 mm and its half-wavelength is 10 mm. The sides of the graph, at 
±70 mm, are not straight but go up and this shows the slack edge regions. 
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Figure 5.21: Load case (ii) captured with the Vialux device. (a) shows the general out-of-plane shape. The maximum out-
of-plane displacement is 4.7 mm and this is located along the edges of the membrane. (b) shows the out-of-plane 
displacements when the scale is reduced to ±1 mm. 
 
Figure 5.22: Section SS taken from the figure above. A main diagonal wrinkle is seen in the middle of the membrane. 
Figure 5.23 indicates the three load cases which are likely to happen in case of failure of a 
tension point. Each membrane results in a substantial change in the area remaining flat, and this will 
be looked at in more detail in Chapter 6. The symmetry of the loading configurations also means that 
there is some symmetry in the extent of the wrinkle formation but which is not necessarily repeated 
in the amplitude of the wrinkles. 
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Figure 5.23: Results obtained with the Vialux device for the out-of-plane displacement for the three other load cases, 
(iii), (iv) and (v) respectively. In (a) the scale ranges from -1.4 to +1.2 mm; in (b) from -1.2 to +1.3 mm and finally in (c) 
from -2.2 to 1.5 mm. 
5.3.3 Finite Element Analysis 
Samcef predicts with accuracy the characteristics of diagonal wrinkles independent of the tab 
geometry as seen earlier. Based on the parameters described in Chapter 4, the load cases were 
modelled in the FEA software.  The membrane was only tensioned from the corner node of the 
membrane, but the thickness of the corner was increased.  
The out-of-plane displacements of the load cases are shown below in Figure 5.24 for load 
case (ii) and in Figure 5.26 for the other load cases.  In Figure 5.24, the main wrinkle is seen clearly.  
An area of large displacements is also seen between the two sets of nominally loaded corners, 
similar to the one observed in the experiment, where the membrane is loose. Figure 5.25 shows a 
section taken across the main wrinkle, and this superposed with the section shown in Figure 5.22 
from the experiment. It can be seen that both sections correspond well. The amplitude of the main 
wrinkle is nearly the same, 2.5 mm, the half-wavelength is 12.5 mm in the FEA and 10 mm in the 
experiment and the general shape of the wrinkle is similar. However, the main difference is that in 
this FEA result the sides of the graph have little gradient whilst the experimental results have a 
steeper one and have one extra wrinkle, located to the right hand side of the main one. 
  
Figure 5.24: Load case (ii) analysed with FEA.  The image shows the out-of-plane displacement of the membrane, and 
hence the wrinkles present.  The scale goes from -1.82 mm to 3.68 mm, and the main wrinkle can clearly be seen 
between the right-hand side and the left-hand side.  Some other out-of-plane deformations can be seen at the bottom 
and upper edges.   
(a) (b) (c) 
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Figure 5.25: Section taken across the membrane seen in the above figure from top to bottom. The diagonal wrinkle can 
be seen clearly. 
For the other load cases, in Figure 5.26, the wrinkle shape is also very similar to the one 
observed in the experiment.  Also, the wrinkle amplitude which is compared between the FEA and 
the experiment in Table 5.9 correspond generally well. This confirms the validity of the results 
regarding the location and details of the wrinkles. 
 
Figure 5.26: FEA result of the other load cases. (a) shows load case (iii) where the out-of-plane deformation ranges from 
-2.11 to 1.24 mm. (b) shows load case (iv) which ranges from -1.2 to +1.2 mm and (c) shows load case (v) which ranges 
from -1.8 to +1.5 mm.  
 
Loadcase (iii) Loadcase (iv) Loadcase (v) 
Experiment FEA Experiment FEA Experiment FEA 
Max amplitude 
(mm) 
1.2 1.2 1.3 1.2 1.5 1.5 
Min amplitude 
(mm) 
-1.4 -2.1 -1.2 -1.2 -2.2 -1.8 
Table 5.9: Comparison of wrinkle amplitude between the FEA and the experiment. Wrinkle amplitudes correspond 
generally well for the load cases. 
Results were extracted as the loading was increased to see the wrinkles’ evolution.  As can 
be seen in Figure 5.27 for load case (iii), the evolution of the wrinkles is progressive: they start 
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forming at the loaded corners but they have small amplitudes and are localised. As the loading is 
increased, the wrinkles from different loaded corners increase in amplitude and length before they 
join up.   
The negative second principal stress regions are also shown below and it can be seen that 
they correspond well to the wrinkled regions. The area covered by compression increases as loading 
is increased, and the areas close to the tensioned edges are the most compressed.   
Figure 5.28 shows the direction of the first principal stresses as the loading is increased. A 
similarity between the wrinkles and the direction of the stresses is seen, with the wrinkles forming 
where the directions go in straight lines, for reasons mentioned previously. 
 
Figure 5.27: The top row shows the evolution of the wrinkles as tension increases for load case (iii).  All the angles are 
first loaded to 30 N equally to pre-tension the membrane.  The loading on the right hand angle then increases from 30 N 
to 80 N over the four stages shown, and the loaded vertices on the left have their tension adapted automatically for 
equilibrium. The bottom row shows the compression for the equivalent tension loads, as computed in the non-linear 
analysis. Therefore, the effect of the wrinkles are taken into account in the stresses shown. 
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Figure 5.28: First principal stress direction as the tension of load case (iii) increases from (a) to (d). The wrinkles seen in 
the above figure are located where the first principal stresses go in straight lines. 
5.3.4 Discussion 
The experimental results match well with the FEA results for non-uniformly loaded polygons. In this 
case, the fact that the tabs were modelled in the FEA using only a corner node to tension the 
membrane did not have an influence on the results, as expected from the results obtained in 
Chapter 4. The ratio of the tension forces dominates the behaviour of the membrane rather than the 
tab. The wrinkles present in the membrane can therefore be accurately predicted. What was also 
observed is that the wrinkles formed between the most loaded corners, and when possible between 
the closest loaded corners. Therefore, the flat area left after wrinkling varies greatly between the 
different load cases. In general, the wrinkled area corresponds well with the compressive area which 
was calculated in Chapter 4. Theoretical work is not done here, as the standard stress field cannot be 
applied for polygons having six sides or more as explained in Chapter 3. 
5.4 Chapter Summary 
In this chapter, experiments have been performed to investigate how the compressive regions 
determined in Chapter 4 compare with actual wrinkles. The uniformly loaded polygons are seen to 
wrinkle close to some of their corners, however this only occurs after a certain load magnitude is 
reached. Not all of the corners wrinkle, unlike what is predicted from the compressive stress 
analysis. Some curling is also observed in the square membrane in all regions near the vertex, where 
the membrane is curved out-of-plane. The objective was then to see how FEA and theoretical 
predictions would match with these experimental observations. However, for both of these 
methods, simplifications needed to be made due to their individual limitations. As explained in 
Chapter 4, for uniformly tensioned polygons, FEA results can only be obtained when the corner node 
of the membrane is tensioned rather than the entire tab except for the triangular polygon, where 
tabs could be included but the material parameter has to be changed to plastic. Regarding the 
theory, the stress field has to be simplified into uniaxial and biaxial regions and the tab is modelled 
as producing a biaxial region close to the corner of the membrane. Due to these limitations, both the 
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FEA and the theory fail in predicting the exact observations of the experiment, and most particularly 
the fact that not all of the corners wrinkle. However, the wrinkling radius for the corners that do 
wrinkle are predicted correctly with little error. To highlight the importance of the limitations of the 
methods, a simple linear FEA on the local effect of different tabs is made. This draws attention to the 
importance of the tab’s geometry, as some tabs induce compressive stresses to the membrane. This 
also proves that the tabs used in the experiment are good, as wrinkling only occurs after high load 
magnitudes are applied in the experiment. Despite not giving exact details, the theory developed 
predicts correctly the trends seen in the experiment: the percentage wrinkled region is independent 
of loading magnitude and scale of the membrane. Also, as the number of sides of the polygon 
increases, less wrinkled surface is present in the membrane. The wrinkle characteristics depend on a 
high number of factors, such as the tension magnitude and size of the membrane. In general, 
concerning uniformly loaded membranes, small scale polygons with a high number of sides are 
preferred, and loading magnitude needs to stay low to prevent high amplitude of wrinkles.  
The second part of this chapter investigates wrinkles in non-uniformly loaded polygons. In 
this case, large diagonal wrinkles are observed between the most loaded corners of the membrane. 
Experiments and FEA are performed and good comparison between the two methods can be seen. 
In this case, tab geometry does not seem to matter and this is due to the high forces involved which 
influence the wrinkles more than the tabs. The results obtained are further analysed in Chapter 6. 
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6. Chapter 6: Shape control of 
membranes 
 
 
6.1 Introduction 
With a greater understanding of the wrinkling process and the associated stresses, it is possible to 
begin to consider how to control the shape of flat membranes, in order to maximise the useable 
area of a reflective membrane. This chapter is divided into two parts. In the first part, a passive 
method is proposed to reduce the amount of compression in uniformly loaded membranes. An 
analytical solution is presented and its effects are then tested by experiment and FEA, by looking at 
the change in regions and characteristics of the wrinkles. In the second part, non-uniformly loaded 
membranes are analysed in more detail to produce a method which can predict under what ratio 
diagonal wrinkles start forming but also how different loading ratios can be used to minimise the 
wrinkled area, by actively changing the tension magnitudes of individual corners.  The results can be 
used to predict the amount of error tolerated in the individual tensioning mechanisms of 
membranes before which a diagonal wrinkle would arise, as well as the effect the failure of a 
tensioning mechanism would have on the amount of reflective area available.  
6.2 Uniformly loaded membranes 
6.2.1 Introduction 
As seen in the previous chapters, compressive regions and wrinkles are present close to the corners 
of uniformly tensioned polygonal membranes and, ideally, these should not exist. It is known that 
trimming, or “scalloping”, the edges is suspected to reduce wrinkling in membranes, as explained in 
some work summarised in Chapter 2. This section looks in more detail at how the edge shape affects 
compression in the membrane and how trimming can be designed to mitigate wrinkle formation. 
6.2.2 Method 
Chapter 3 delivered an analogy between the stresses in a membrane and the curvatures in a thin 
plate under bending: recall that negative curvatures were analogous to compressive stresses in the 
membrane. If there is positive curvature throughout the plate, then it can be safely assumed that 
there is no compression in the membrane. Hence, it is clear that controlling and mitigating the 
compression can be achieved by ensuring that there are only positive curvatures in the plate under 
bending by analogy. This section explains how the curvature can be controlled using the geometry of 
the membrane, and how this can be used to mitigate compression. 
Let us consider triangle AEC from Figure 3.24 in Chapter 3, which represents the geometry 
around the edge of an n-sided regular polygon. Along edge AC, some additional arc trimming is 
performed reaching a maximum amplitude of δ at the centre of AC, as seen in Figure 6.1. We make 
the assumption, which will be checked later, that     . 
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OA
C
E
α 
          
A E
C  
Figure 6.1: (a) is the polygon shown in Section 3.5.3 and (b) shows a close-up on one of the corners of the n-sided 
polygonal membrane. The effect of the trimming close to the corner is projected onto line EC. 
The procedure described in Chapter 3 for finding compression is altered, to consider this 
new geometry. 
First, the conical section and its out-of-plane displacement wc are considered. The part of the 
section close to the corner of point A is looked at. To make comprehension clearer, the study of the 
corner is projected to line EC as seen in Figure 6.1, maintaining proportions equal.  
In this figure, part of the conical section along the length EC is affected by the trimming. 
Therefore, if a cross-section is made along line EC, part of it is located outside the region of the 
polygonal plate and has an influence from the gradient m present outside the plate as shown in 
Figure 6.2.  The other part has an influence from the polygon itself, as it is located inside it. The out-
of-plane displacement at point E, wc , is of interest and can be found using the dimensions in Figure 
6.1 and the standard equation for a parabola:  
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(6.1) 
 
As this corresponds to a conical section, the result is divided by length AE, to obtain a gradient and 
multiplied by x, as the line is straight, to find the equation of the cone along line AO: 
    
      
    
  
     
 
  
 
(6.2) 
 
 
 
 𝛿
   𝛼
 
 
 
 
 
 
 
𝛿 
 
 
Chapter 6: Shape control of membranes 
 
125 
 
Parabola
Linear slope
C E
 
 
Figure 6.2: Cross-section of the cone, partly affected by the trimming which causes a linear slope on the side, by 
projection of the cross-section close to the corner on line CE.  
The spherical section and its out-of-plane displacement ws are then studied. Once again, 
using the same procedure as before, the equation for the sphere can be found. For comparison with 
wc, the equation for the sphere along the x axis and starting at point A is of interest.  The following 
values are used to find the quadratic equation: 
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An approximation is made in the above equations to simplify the problem, by assuming that the 
sphere starts at x = (AO-1). This assumption does not consider the linear part which influences the 
sphere. However, as the height in the centre point does consider the linear part, this makes little 
difference to the final results and the assumption is checked in Appendix B. This results in the 
following equation for the height of the sphere along AO: 
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(6.6) 
 
In order to prevent curvature in the “concave upwards” direction, the conical and circular 
section need to only intersect at a single point as seen in Figure 6.3.  To find when this is the case, a 
unique solution needs to be looked for when the two equations equal each other: 
       
 
(6.7) 
 
                                                          
* Approximation checked in Appendix B 
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The unique solution can be found by maximising this equation.  After substituting Equations (6.2) 
and (6.6) in Equation (6.7) and re-arranging so that all the terms in x are placed to the right hand 
side, the following equation is obtained: 
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(6.8) 
 
 
The result is differentiated and made equal to zero to maximise the equation and obtain a unique 
result: 
 
 
  
  
 
    
 
 
      
 
 
       
   
 
(6.9) 
 
Solving for x to find: 
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(6.10) 
 
 
Equation (6.7) can be solved with the x value obtained, the only unknown being δ. Finally, as 
the value of δ for a polygon of varying diameter is required, the result is divided by the length, l , of 
side AC and a dimensionless result of the trimming necessary in relation with the length of an edge is 
obtained: 
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x is found in Equation (6.10) and the result is valid for regular polygons of any number of sides by 
substituting the following angle in the above two equations: 
    (  
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(6.12) 
 
 
Equation (6.11) can be used to predict the minimum amount of trimming necessary to prevent 
compression from arising in the membrane. The equation is dimensionless and hence gives the 
result as a percentage of the edge’s length. 
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I1
A O  
Figure 6.3: Side-view of the overlapping of the conical and spherical section with the calculated amount of trimming. 
There is only one intersection point, I1 between the two shapes. 
6.2.3 Numerical results 
The results were calculated with Equation (6.11) for n-sided regular polygons and are plotted in 
Figure 6.4. The results are shown in Table 6.1 for 3 ≤ n ≤ 36, showing the variation in the minimum 
amount of trimming necessary for different number of sides. The results presented show the 
percentage of the edge’s length to be trimmed.  In Figure 6.4, the trimming increases as the number 
of sides increases until the curve reaches a peak at seven sides before going back down. This shows 
that for polygons with more than seven sides, adding attachment points reduces the compression 
naturally without having to trim the sides as much.  
 
Figure 6.4: Percentage trimming required for polygons as calculated from theory. 
In Figure 6.5, actual trimming dimensions for polygons having a given radius are looked at, as 
this is a better image in practise. It can be seen that the graph peaks earlier at five sides. It can also 
be seen that the amount of trimming necessary for a three and eleven-sided polygon is about the 
same. The reason for the differences compared to Figure 6.4 is that as the number of sides of a 
polygon increases, the length of the edges decreases for a constant polygon’s radius. Hence, the 
percentage is multiplied by a number that decreases. 
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The numbers shown in the graph are for a polygon having an outer radius, rm , of 150 mm 
and the numerical results are shown in Table 6.1. This radius is the one used in the medium-scale 
experiment, and this gives a guide to understand the necessary values in this case. However, this 
graph is representative of polygons of any radius, as the edge’s length, l , is calculated through the 
following equation, which is linear for all radii and number of sides:  
           
 
(6.13) 
 
In other words, the characteristics of the graph will always remain the same, hence a peak is always 
reached at five sides.  
 
Figure 6.5: Amount of trimming required for 150 mm radius polygons. 
 
No of sides 
% 
trimming 
required 
Trimming 
for r=150 
(mm) 
3 1.3 3.4 
4 3.0 6.4 
5 3.9 7.0 
6 4.3 6.5 
9 4.3 4.4 
12 3.9 3.0 
18 3.1 1.6 
36 1.8 0.5 
Table 6.1: Amount of trimming required for n-sided regular polygons in terms of percentage and length for a polygon of 
radius 150 mm. 
When the number of side n reaches infinity, i.e. when the shape is circular and fully 
clamped, the percentage amount of trimming necessary reaches zero, as expected. 
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6.2.4 Finite Element results 
6.2.4.1 Results on compression 
FEA was performed to verify the results obtained through the theory. A standard linear analysis was 
performed with SAMCEF using the same parameters as the ones described in Chapter 3. Both three 
and four-sided regular polygons with different amount of trimming were modelled, with a dense 
mesh composed of around 130 000 and 160 000 elements respectively, as accuracy was required. 
Each vertex was subjected to a small load, bisecting its angle and uniform on all corners. The zero 
and negative second principal stresses were computed for the different geometries and the results 
are shown below in Figure 6.6. 
 
Figure 6.6: Three and four-sided regular polygonal membrane under different amount of trimming. The compressive 
regions are shown in red.  
In this figure, it can be seen that compression is highly present close to the corners when the 
edges of the polygons are straight. However, as the trimming is increased, compression disappears. 
The values obtained in the theory compare well with the values obtained in the FEA: compression 
completely disappears between 2 and 3% for the square (3% in theory) and around 1.5% for the 
triangle (1.3% in theory). Only the edges remain in red colour in the figure, but by definition the 
edges have zero stress in the direction perpendicular to them to satisfy equilibrium. 
Results on polygons of more than four sides are not shown, as the compressive region 
becomes smaller when the number of sides increases and cannot be seen as well, but also because 
the number of elements would need to increase for accurate results, requiring a large computation 
time. 
6.2.4.2 Results on wrinkling 
Three different non-linear FEA were performed on triangular membranes to understand the effect of 
trimming on the formation and evolution of wrinkles.  
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The first analysis was performed using the standard tab as devised by SAMTECH where each 
corner of a membrane is reinforced in terms of thickness but only the corner node is tensioned. 
Apart from the thickness reinforcement, the conditions are exactly the same as in the theory. The 
wrinkle characteristic results are shown in Table 6.2 for different levels of trimming. It can be seen 
that wrinkles are present for all levels of trimming, however both their amplitude and number 
decrease as trimming is increased. When the amount of trimming reaches 3%, the maximum 
amplitude of wrinkles has nearly halved.   
In Figure 6.7, the wrinkling region is investigated and the out-of-plane displacement is 
shown for the triangle with 0% trimming and with 3% trimming. The triangle with no edge trimming 
was already analysed in Chapter 5 and is shown here for comparison purposes only. The out-of-
plane displacement scale is the same for both, and the decrease in wrinkles is easily seen visually. 
Sections for both membranes are taken along lines SS at a radius of 100 mm along the edge and are 
shown in Figure 6.8 below. Once again, the same vertical scale is shown, highlighting the decrease in 
the wrinkles’ amplitude. The wrinkle the most to the left has completely disappeared. Also, in the 
trimmed case, Rwrin is calculated to be 128 mm whilst it was calculated to be 235 mm for the flat 
edges in Chapter 5. This is a considerable increase in useable area when the edges are trimmed, and 
hence trimming seems highly beneficial. 
The results for both wrinkle characteristics and regions show that the trend is as expected; 
however the wrinkles do not disappear completely. This is either caused by non-linear effects which 
are due to large displacements, either from the fact that the modelled tab does not respect the 
theoretical conditions as the corner is reinforced in thickness. As seen earlier, tab geometry has a 
large effect on wrinkles. 
Geometry 
Trimming 
% 
No of wrinkles Max amplitude 
Triangle 
0 4 0.36 
0.75 4 0.30 
1.5 4 0.26 
3 3 0.19 
Table 6.2: Wrinkle characteristics calculated from FEA for triangles with different amount of trimming. 
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Figure 6.7: Comparison of the wrinkle characteristics for a triangle with straight edges in (a) which was discussed in 
Chapter 5 and for a triangle with 3% trimming in (b). The scale for both triangles is the same: ±0.1 mm. Rwrin=128 mm for 
the trimmed triangle and the maximum wrinkle amplitude is 0.19 mm.  
 
Figure 6.8: (a) shows section SS taken from the triangle with flat edges and (b) shows section SS taken at the same 
distance for a triangle trimmed to 3%. 
To check this, a second FEA was performed to replicate the exact condition of the theory. A 
membrane was loaded at the three corner points, with no corner reinforcement. Only the corner 
node was tensioned. However, the analysis for all levels of trimming did not produce any result; the 
triangle remained flat. First the linear stability analysis of the shell did not produce any eigenvalues, 
so deformations could not be created and second, when the method was tried with the plastic 
material and started directly with a non-linear analysis, no deformation occurred when the loading 
was applied. As in Chapter 5, this showed that the tab has a strong influence on the results obtained, 
as some wrinkling would be expected at least for the triangle with straight edges. This confirms a 
limitation of the FEA software. 
Finally, the method used in Chapter 5 with plastic material properties to calculate wrinkles in 
a triangular membrane with tabs similar to the ones used in the experiment was used with different 
levels of trimming. The results for this method are shown below in Figure 6.9 for trimming of 0 and 
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3% and cross-sections have been taken along the black line shown as seen in Figure 6.10 for 
different amounts of trimming. The results are summarised below in Table 6.3. According to the FEA 
results, the wrinkles are reduced but are not eliminated when trimming is increased to 3%. The 
number of wrinkles is reduced from 9 to 6, the amplitude is halved and the wavelength remains 
constant. The trend is therefore similar to the triangle with the first tab geometry. 
Geometry 
Trimming 
% 
No of wrinkles Max amplitude 
Triangle 
0 9 0.40 
0.75 8 0.37 
1.5 7 0.29 
3 6 0.19 
  Table 6.3: Wrinkle details for a triangular membrane with tabs like in the experiment, calculated from FEA. 
Also, in Figure 6.9(c), the scale was made to be ±0.1 mm to calculate the maximum wrinkle 
radius, and Rwrin was found to be 180 mm for the 3% trimmed case. This represents an increase in 
the useable area, as this radius was found to be 220 mm for the flat edges in Chapter 5. 
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Figure 6.9: (a) shows the out-of-plane displacements for a triangle with straight edges seen in Chapter 5. (b) shows the 
results when the triangle is trimmed to 3%. Both these two figures have the same scale of ±0.4 mm for comparison but 
the wrinkles only reach a maximum of 0.26 mm for the trimmed triangle. (c) show the trimmed triangle with a scale of 
±0.1 mm to measure Rwrin which is 180 mm.  
 
(a) (b) 
(c) 
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Figure 6.10: Evolution of the wrinkles measured with FEA taken at a distance of 100 mm along the edge for triangles 
trimmed to different percentages.  
Finally, a FEA was also done on the four-sided polygonal membrane with only thickness 
reinforcement for the tabs, and the results are shown below in Figure 6.11 for a square with 0 and 
3% trimming. The sections along line SS are shown in Figure 6.12. In Chapter 5, for the membrane 
with the straight edges, only one wrinkle was observed. In the trimmed case, the amplitude of the 
single wrinkle is smaller, but as other wrinkles cannot be seen in the flat edge case, it is difficult to 
assess the effect of the trimming from this FEA. Finally, as in Chapter 5, it is difficult to assess the 
maximum wrinkling radius as seen in Figure 6.11(c) due to the fact that only one wrinkle is present. 
As mentioned in Chapter 5, small imperfections can affect the direction of the wrinkle. This 
effect can be seen in these two sections and the imperfections used being different, the out-of-plane 
deformation is negative for the square with the flat edges and it is positive for the trimmed square.  
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Figure 6.11: (a) shows the out-of-plane displacements in a square membrane with flat edges as presented in Chapter 5, 
with a scale of ±0.68 mm. (b) shows the same square but with edges trimmed by 3%, and the same scale is used for 
comparison, even though the maximum out-of-plane displacement only reaches ±0.43 mm (c) shows the trimmed 
square with a scale of ±0.1 mm. Large curling can be seen, and it is impossible to estimate the wrinkling region from the 
flat one. 
 
Figure 6.12: Sections SS taken from the previous figure for the flat and trimmed squares. A decrease in amplitude of the 
single wrinkle is observed. The reason for the change in orientation of the wrinkle is probably due to initial 
deformations.  
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6.2.5 Experimental results 
Experiments were also performed to check the effect of trimming on the membranes. Some metal 
templates were water-cut with different amounts of trimming, corresponding to values above and 
below the critical value found theoretically. These templates were then used to cut some Kapton 
membrane accurately. The same procedure as for previous experiments was then applied: some 
tabs were attached on the corners of the membrane and loading was applied from the support rig. 
As uniform loading is dealt with, for reasons explained in Chapter 5, the large scale setup was used. 
To compare the wrinkling results with the previous experiment done on flat edges, a triangular and a 
square geometry were chosen.  
Table 6.4 summarises the observations made on the triangles and squares with different 
levels of trimming. Compression is expected to stop at 1.3% for the triangle according to theory, and 
the experiment shows that there are no more wrinkles in the membrane between 0.75 and 1.5% 
trimming: this is in the expected range. It can also be seen that for 0.75% trimming, there are 
already less wrinkles than when the edge is straight. This is because compression is already reduced 
and there is less “excess” material in the membrane for the wrinkles to form. Concerning the square, 
compression is expected to stop at 3% theoretically. There also, the experiment shows that wrinkling 
stops between 1.5 and 3%. Once again, the general trend is that as trimming increases less wrinkles 
can be seen. According to the experiment, after a certain amount of trimming is performed, the 
membrane remains flat. 
In general, as trimming is increased, it is clearly seen that less wrinkled corners are observed 
in the membranes. The experiment was performed several times to check the accuracy of the data 
obtained, and to make sure no deformation affected the results. Sometimes results for a same 
amount of trimming are different and this is probably caused by the difference in initial 
imperfections in the membrane. However, the trend of the results corresponds to the expected 
ones. 
Geometry 
Edge 
trimming % 
Total 
wrinkled 
corners 
Triangle 
0 2 
0.75 0-1 
1.5 0 
3 0 
Square 
0 2 
1.5 0-1 
3 0 
Table 6.4: Comparison of the wrinkled corners as the trimming is increased experimentally for triangular and square 
membranes. 
All the experiments were measured with the 3D Vialux device to check the wrinkles on each 
corner. The graphs below show the results obtained from the experiment, the cross sections shown 
were taken at the same distance as in Chapter 5: at 100 mm radius along the edge. The results for 
the most wrinkled corner of the membrane are shown for a triangle and a square in Figure 6.13 and 
Figure 6.14 respectively, with straight and trimmed edges. Note that the results for straight edges 
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have already been presented in Chapter 5 in greater details and are only shown here for 
comparison. The trimmed results shown in these graphs are for membranes trimmed by 3%. 
A clear difference in the wrinkling is seen between the sections taken on straight edge 
membranes and on trimmed membranes. Even though the amplitudes of the wrinkles seen on the 
straight edge membranes are relatively small (<0.1 mm), they completely disappear in the sections 
taken in the trimmed membranes. One interesting feature observed with the square membrane is its 
tendency to curl even when the membrane is trimmed: in Figure 6.14 the membrane forms an arc. 
Similar observations had been made and commented in Chapter 5 for the straight edge and this also 
confirms what has been seen in FEA. 
 
Figure 6.13: (a) shows the corner of a triangle with straight edges under tension and (b) shows the corner of a triangle 
with edges trimmed to 3% under the same tension. 
 
Figure 6.14: (a) shows the section with the square with straight edges and (b) shows the section with the edges trimmed 
to 3%. 
6.2.6 Discussion 
All three methods confirm that trimming has an advantageous effect on the compression within the 
membrane. Trimming enables the control of compressive regions which themselves affect wrinkling. 
It is seen that membranes trimmed to the correct amount remain flat in the experiment and no 
compression is expected according to theory. FEA confirms the effect on compression and gives a 
general idea of the effect resulting on wrinkling. The theoretical formula obtained enables a quick 
method of finding the minimum amount of trimming required, and the graph enables a 
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straightforward answer for n ≤ 36. This gives a quick answer for structures in this range of sides, as 
the graph applies for any size of membrane. This is an important solution, as this small change in 
geometry can make a difference in the wrinkling. The area lost by the trimming is minimal compared 
to the area which would be lost in wrinkling. The following calculations show how much area is lost 
from the trimming: 
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Table 6.5 shows the results obtained for polygons with various side numbers. The fourth 
column of the table was derived partly from Table 5.3 from Chapter 5 to show how much area of the 
membrane is lost due to the corner wrinkling. It can be seen that the area lost by the trimming is 
much smaller than the area lost by the wrinkling, showing that this method is beneficial in terms of 
shape control.  
No of sides 
% area lost by 
trimming 
% area lost by 
wrinkling 
3 6.0 45.9 
4 8.0 39.8 
6 6.6 30.6 
12 2.8 17.8 
Table 6.5: Comparison of the amount of area affected by the amount of trimming and the amount of wrinkling. It can be 
seen that wrinkling affects more area than trimming in all polygonal membranes. 
In the results obtained from the FEA, it is seen that there is a possibility that the trimming 
will not completely mitigate wrinkling, but will only reduce the maximum wrinkling radius: there is 
persistence in the wrinkles. This could be due to the fact that the non-linear effects are not taken 
into account in the analysis. However, even in that case, the trimming effect would be beneficial 
towards the total unwrinkled area of the membrane. As seen in Chapter 5, the total area of wrinkling 
in a polygon can be calculated by the following formula: 
        
  
 
(6.16) 
 
If this equation is differentiated with respect to Rwrin, it can be seen that the rate of increase of the 
area lost due to wrinkling is directly proportional to the radius of wrinkling. Hence, the fact that 
trimming reduces Rwrin is very important. The persistence length of the wrinkles, if kept small, does 
not decrease the reflective area by a large amount. 
Looking at the FEA results obtained for trimming, in the triangular case with node tensioning, 
Rwrin changes from 235 mm to 128 mm. In this case, the improvement in unwrinkled area is 
calculated to be of 46% (to which approximately -6% then needs to be applied due to the lost area 
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from the trimming). This means that the triangle which had approximately 34% unwrinkled area will 
now have about 74% unwrinkled area. In the other triangular case, when tabs are present, Rwrin is 
reduced from 220 to 180 mm and this is a 19% increase in unwrinkled area (to which - 6% needs to 
be applied again): the triangle which had 42% unwrinkled area will now have approximately 55% 
unwrinkled. Concerning the experimental results obtained, the benefits are clear as the entire 
membrane remains unwrinkled after trimming is performed. 
6.3 Non-uniformly loaded membranes 
6.3.1 Introduction 
The polygons in this thesis are loaded at multiple points, which makes the structure statically 
indeterminate and, hence, the loads would redistribute automatically in case of failure of one of the 
tension mechanisms. However, in practise, it is possible to consider that the tension magnitude of 
the remaining corners could be adapted to react to this fatality to avoid large-scale wrinkling only if 
there is an active control mechanism of the tension forces.  The load cases arising from failure of a 
corner tension have been presented in Chapter 4 for a six-sided polygon, and, in Chapter 5, it was 
seen how wrinkles occurred in these non-uniformly tensioned polygons and how various load ratios 
in the polygon produced various wrinkle patterns in the membrane. These corresponded quite well 
with the compressive regions observed in Chapter 4. Hence, active control is important, as the load 
ratios between the different corners affect the wrinkles and the area they occupy.  
In this section, the ratio of tension forces between different corners at which these wrinkles 
occur is considered along with the wrinkle patterns which optimise the amount of flat surface in the 
membrane. Two different situations are important. The first one is the case where one or several 
corner tensions loosen but do not break. In this case, the magnitude of the force is affected but 
there still remains some tension. The ratio at which the first wrinkle would arise is looked at and the 
load case which produces the first wrinkle under the highest ratio of forces is determined, as 
adopting it would keep the membrane flat. The second case considered is when this ratio is reached 
or when one corner tension has failed completely and cannot apply any tension at all. In this case, 
some wrinkles are present in the membrane and the different load cases are looked at to estimate 
the “flat” area of the membrane which can still be used. Here again, the most efficient load case to 
adopt can be determined by looking at how much “flat” area is left. 
6.3.2 Partial failure of tension forces 
Using the Airy stress field method developed in Chapter 3, the ratio at which the first wrinkle forms 
when the second principal stress becomes negative between two corners can be estimated. This 
assumption is assumed to be conservative: wrinkles will probably start forming earlier as this does 
not take into account the non-linear effects, this is therefore an upper bound estimate. However, 
rather than providing an exact magnitude at which this wrinkle will occur, this analysis should 
provide a guideline as to which load case will wrinkle first, at the lowest tension magnitude. The 
solution will then be to choose the load case which will wrinkle at the highest magnitude. 
To highlight how the method works but also to compare this method with results obtained 
in literature, the ratio at which the first diagonal wrinkle appears in a square membrane is 
calculated. For this, a four point loading is applied on a disk as shown in Figure 6.15, where the ratio 
between the loads T1 and T2 is varied. The results for different ratios are shown in Figure 6.16, in 
which the coloured region represents compression. The positive second principal stress region is left 
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transparent. It can be seen that when the load ratio T1:T2 reaches 3, the compressive region joins in 
the middle of the membrane and hence the criterion for a diagonal wrinkle to form is satisfied.  
T2
T2
T1T1
 
Figure 6.15: Loading configuration of the disk to represent a square tensioned non-uniformly. 
 
Figure 6.16: Compressive regions, shown in colour, for a disk representing a square tensioned on two opposite corners 
more than on the other two. (a) shows the square under a ratio of 2.8, (b) of 3.0 and (c) of 3.2. The results were 
obtained with the method of superposition of Airy stress functions. 
These results can be compared to results obtained in the literature review using different 
analysis techniques. According to the standard stress field method, the first diagonal wrinkle in a 
square membrane occurs when the load ratio between two sets of corners reaches 2.41 (Wong, 
2003).  The wrinkle is assumed to form when two opposite stress fields touch each other, meaning 
that there is uniaxial tension in one direction and neutral stresses in the perpendicular direction. The 
ratio at which this happens is calculated using simple geometry. Experiments on square membranes 
were also performed and it was observed that the first wrinkle appears at a ratio “between 2 and 3”. 
Finally on a FEA, results show a ratio of approximately 2.6. Hence, the prediction made using the Airy 
stress superposition is slightly higher than the results seen in the literature. 
Using this method, calculations for a six-sided polygon were made and load case (ii) as 
defined in Chapter 4 was first looked at. The ratio for wrinkling to occur between opposite corners 
loaded by an X force, whilst the other corners were loaded nominally by a Y force, was calculated. As 
seen in Figure 6.17, a ratio X:Y of 4 is needed so that compression is present all the way from one 
corner to the opposite one.  
(a) (b) (c) 
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Figure 6.17: Compressive region, shown in colour, for a disk representing load case (ii) with a ratio X:Y of 4. The result 
was otbained from the method of superposition. 
An experiment was performed for this particular load case, to compare the results obtained. 
The experiment was performed several times, each time varying the nominal load Y, and always 
looking at the ratio at which the first wrinkle formed. From the observations, it can be seen that the 
load ratio at which the first wrinkle forms is approximately 2.5. The results of the experiment are 
given in Table 6.6 below.  
Experiment X load (N) Y load (N) Load ratio 
1 34 10 2.4 
2 15 6 2.5 
Table 6.6: Ratio at which the first wrinkle is observed experimentally for load case (ii).  
To complement the results, a FEA simulation was made in which a membrane was first 
tensioned uniformly to 5 N on all of its corners, before the loading on two opposite corners was 
increased gradually. The first wrinkle, although very small, appeared at a load ratio between 2.5 and 
3. A representation of it is shown in Figure 6.18 below.  
 
Figure 6.18: Out-of-plane displacement shown for load case (ii) as calculated from FEA. (a) shows a ratio of loading of 2.5 
and (b) a ratio of loading of 3.0. The diagonal wrinkle seen has amplitude of 0.07 mm. 
Both of these ratios are smaller and for investigation, the corresponding compressive force 
found in a linear analysis at this load ratio is shown in Figure 6.19(a). It can be seen that compression 
does not link the two highly loaded corners, but that compression is still limited close to the corners. 
Therefore, the first wrinkle forms before there is compression going all the way between the two 
(a) (b) 
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loaded corners. This confirms that the effect of non-linearity contributes towards the creation of a 
diagonal wrinkle.  
The ratio at which compression is about to join the two corners found from the FEA is shown 
in Figure 6.19(b), and is of 4. This is higher than when the first wrinkle appears but is similar to the 
Airy stress predictions. 
  
Figure 6.19: Compressive regions, shown in red, as calculated in the FEA for a ratio of 3 in (a) and a ratio of 4 in (b). Even 
though the compression does not completely join the two corners in (b), the figure shows the limit just before this 
happens. 
To conclude, the load ratio at which the first wrinkle appears is the same for the experiment 
and the FEA: 2.5. However, the ratio found by looking at the compressive stresses is 4, and 
corresponds well between the theory and the linear FEA. As explained earlier, the reason why a 
wrinkle happens at a smaller ratio is probably due to the compression close to the corner which 
creates out-of-plane displacements not taken into account in the linear model. By changing the 
shape of the membrane, the stresses are changed too. A linear analysis is not valid anymore as the 
out-of-plane effects need to be taken into account when the corner wrinkling starts. The assumption 
made earlier stating that there needs to be compression between two corners for a wrinkle to be 
created is valid but it is an upper bound solution. A wrinkle will have already formed at that stage.  
The results of both theory and non-linear FEA showing out-of-plane displacements are 
compared in Table 6.7 for the other load cases and the theoretical results for the three possible load 
cases are shown in Figure 6.20. 
Load case Theoretical 
ratio  
FEA       
ratio 
iii 1:31 1:14 
iv 1:11 1:4.5 
v 1:24 1:11 
Table 6.7: Comparison of the results obtained from the theory and from the FEA for the ratio of loading when the first 
diagonal wrinkle in the membrane occurs. 
(a) (b) 
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Figure 6.20: Compressive regions shown in colour as calculated from the method of superposition of Airy stress 
functions.  (a) shows load case (iii) and a ratio of 1:31 (b) shows load case (iv) and a ratio of 1:11 and finally (c) shows 
load case (v) and a ratio of 1:24. 
As for load case (ii), a similar trend is seen in the results. The theoretical ratio is higher than 
the ratio obtained by looking at out-of-plane displacements from the FEA.  However, it can be seen 
that both methods give results in the same order. According to the results shown in Table 6.7, a 
diagonal wrinkle will first form for load case (iv), then for load case (v) and finally for load case (iii). 
These results are of importance as they are a guideline as to how corner forces should be adapted if 
one of them was to partially fail so that the membrane would remain in equilibrium and no diagonal 
wrinkle would arise. In this case, it is clear that load case (iii) would be the one to adopt, as the 
tension force could be up to 14 times less in two corners and the membrane would remain without 
diagonal wrinkle. Both methods can therefore be used to find the ranking of the load case to use.  
6.3.3 Total failure of tension forces 
If the ratios calculated in the above section to maintain the membrane relatively flat were to be 
exceeded, it would be inevitable for diagonal wrinkles to form. This would also be the case if there 
was a total failure of one of the tension points. To maintain equilibrium, tension adjustments would 
need to be made which would result in one of the load cases as studied in Chapter 4. Looking at 
Chapter 5, the wrinkled area of the different load cases can be seen easily from the experimental 
and the FEA results. From these results, an average area which is not touched by the wrinkles, and 
which remains “flat”, can be estimated. The area calculated is shown in Figure 6.21 for each load 
case and its size is compared to the overall area of the membrane in Table 6.8.  
 
Figure 6.21: Load case (iii) shown in (a), load case (iv) shown in (b) and load case (v) shown in (c). The useable area of the 
membrane, which stays flat, is approximated in grey as observed from the results obtained in Chapter 5. 
(a) (b) (c) 
(a) (b) (c) 
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Load case Useable 
area (%) 
iii 33.3 
iv 66.6 
v 50.0 
Table 6.8: Useable area of the membrane calculated from the grey areas in the above figure. 
From this table, it is clearly seen that in case of total failure of one corner of the membrane, 
load case (iv) is the best one to adopt, as 66.6% of the area remains in the flat region. This option 
means that only the opposite corner of the failed one needs to be adapted, by making its magnitude 
equal to the magnitude of the problematic corner. The second best is load case (v), and even though 
three corners are then affected, more area remains flat than load case (iii) which performs the least 
good. Note that this ranking is the opposite of the ranking done for the partial corner failure. These 
calculations do not take into account corner wrinkling and hence should only be considered as 
estimates. However, these values are used here to compare the relative performance of the three 
load cases.  
6.4 Chapter Summary 
In this chapter, the shape control of uniformly and non-uniformly loaded membranes has been 
studied. For the first type of loading, a theoretical method is developed based on the analogy 
studied in Chapter 3. It is shown that when a membrane is trimmed by a certain amount, 
compression does not arise in the membrane anymore. Using the plate bending analogy, this 
amount of trimming can be calculated, and this allows the design of membrane reflectors without 
compressive regions in which the reflective area is maximised. The results are checked against FEA 
and very good correlation is obtained. Wrinkle characteristics are also studied through FEA and 
experiments: in the experiment the wrinkles completely disappear; in the FEA, even though the 
wrinkles are not entirely mitigated, good results are obtained in terms of wrinkling characteristics. It 
is seen that the amount of area lost by the trimming is much less than the amount of area which is 
saved by the wrinkle mitigation.  
The second part of this chapter has studied non-uniformly loaded membranes, and first 
considered membranes on which one of the tensioning forces partially fails. It is observed that in 
case of partial failure of one of the tensioning mechanisms, the first diagonal wrinkle in the 
membrane is created at various load ratios depending on the loading regime adopted. Calculating 
which load case to adopt for the membrane to remain flat can be either done theoretically or with 
FEA, both methods agreeing on the first load case to wrinkle, but only the non-linear FEA is correct 
for the magnitude of the load ratio. The theoretical result appears to over-estimate the ratio at 
which this happens. Finally, it is seen that in case of total failure of one of the tensioning 
mechanisms, not all load cases affect the unwrinkled area of the membrane to the same degree. 
Some load cases are preferred, as the reflective area needs to be maximised. This is important to 
understand which load case would be the best to adopt in case of this type of failure. 
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7. Chapter 7: Pressurisation of 
membranes 
 
 
7.1 Introduction 
As explained in Chapter 2, there exists a large number of possible designs for future space-
telescopes. In Chapter 3, 4, 5 and 6, the wrinkling in flat membranes was considered with respect to 
the design of flat primary mirrors. For a better understanding of other space-telescope designs, this 
chapter looks at the possibilities of pressurising these polygonal membranes to create an out-of-
plane shape. The previous work is used as a basis, as the membranes first need to be tensioned 
before being loaded out-of-plane. The aim is to understand what shape is created, and how much of 
this shape is effective as a parabolic reflector. In analysing these parameters, the wrinkling effect has 
to be taken into account as wrinkles are expected to be present in the membrane structure.  
This chapter is divided into four main sections. First, the pressurisation mechanism is 
discussed and assumptions are made so that the problem requirements are defined. Second, the 
analysis method is validated against simple problems, as these problems have not been analysed 
before in the literature. In the third section, an analysis of the shape of pressurised membranes is 
made by comparing it to a perfect parabolic shape, and the area that can be used as a reflector is 
calculated. Finally, the effect of pressurisation on the wrinkles is looked at, to investigate whether 
this could be used to mitigate them. 
7.2 Problem definition & requirements 
Following the accuracy requirements presented in Chapter 2, it was decided to focus on the low 
range of required accuracy, ranging from 1 to 10 λ (wavelengths of light) for shape comparison with 
a perfect parabola. It was also seen that this range corresponds to some guidelines presented in one 
of the references (Jenkins, 2006) which states that the primary mirrors need to have accuracy on the 
micron level. As explained also in Chapter 2, there are a number of methods for pressurising 
membranes. However, due to the free boundary conditions of the edges in the problem studied, 
only some of these methods are available to use, and for polygonal membranes tensioned on their 
vertices, electrostatic pressure is viable. Other types of pressure, such as gas pressure, would not be 
appropriate for this type of open structure. Electrostatic pressure is very attractive primarily for the 
ease of control of the pressure applied in different parts of the membrane.  
In this chapter, FEA is used to predict the shape of the pressurised membranes. The main 
problem with electrostatic pressure is that it is not commonly used, and there does not exist a 
standard FEA procedure to use it with membranes: none of the literature mentions the analysis of 
membranes under electrostatic attraction. Discussions with the developer of Samcef3 regarding the 
modelling of electrostatic pressure have been conducted and this would have required making 
                                                          
3
 E-mail discussion with Philippe Jetteur 
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modifications of the core elements of the FEA software, which is a relatively complicated procedure. 
Hence, a different approach is needed in which the software can be used, and new assumption are 
made which will be checked later. Specifically, it is assumed that gas pressure can be used in the FEA 
to replicate the effect of electrostatic pressure. The first reason for this is that this type of pressure 
will produce a lower bound estimate of the amount of area which is parabolic in the membrane, and 
the realistic area will be greater than the one predicted. The reason for this is that gas pressure 
produces a shape which is too steep close to the perimeter of the membrane and too flat close to 
the centre compared to a parabola, as noted in Chapter 2. Electrostatic pressure should rectify this 
effect, given that pressure is inversely proportional to the distance from the conductive plate. If the 
plate is flat, the centre of the membrane will undergo a greater pressure than the edges as the 
centre of the membrane gets closer to the conductor. The centre should become less flat, and the 
area close to the edges less steep. This assumption is checked later in the analysis, where a method 
is used in the FEA software to approximate the results that would be obtained with electrostatic 
pressure. The second reason for making this assumption is that gas pressure could give the exact 
same results as electrostatic pressure if the conductive plate was given the shape of the parabola 
aimed for. In that case, when the membrane is under its final pressure, all of the points on the 
membrane would be at equal distance from the conductive plate and the pressure applied on it 
would be equal, as in a gas pressure. Therefore, the analysis would be valid if used with a particular 
shape of conductive plates. 
7.3 FEA procedure and validation 
Whilst using gas pressure is more straightforward to model than electrostatic pressure in the FEA, 
the method still needs to be tested. Therefore analytical work and simple experiments were created 
to devise and validate a FEA model not tested before. The FEA is done in two parts. The first part is 
similar to the one described in Chapter 4, in which a flat membrane is tensioned and wrinkles arise. 
However, an extra part is added to the non-linear input of this analysis by combining it with inflation. 
This inflation model is based on a file created by SAMTECH, devised to simulate the inflation of an 
airbag. The main features of this inflation model are that pressure is applied as a gas pressure on the 
membrane, uniformly and perpendicular to the surface, and parameters are added at the beginning 
of the analysis to help convergence of the results. Convergence is sometimes difficult when the 
membrane starts deforming. This model is added at the end of the non-linear analysis which was 
used in the previous chapters. The devised model runs as follows: a membrane is tensioned on all of 
its corners, once the required tension is reached the corner points get fully fixed: no displacement is 
permitted. Inflation is then started on the structure until the required pressure is attained.  
7.3.1 Elastic behaviour 
First, the validity of the model needs to be determined by comparing the out-of-plane displacements 
obtained in practise. The model is checked when the material remains in the elastic state. 
Theoretical work has been done on the inflation of circular membranes, and different formulae exist 
to calculate the central displacement of a membrane when the gas pressure is known. One of the 
most commonly used, and which is the basis of many papers is the one developed by Campbell 
(1956)  both for initially stretched and un-stretched membranes. It predicts the central displacement 
of circular membranes, clamped on their boundaries and behaving in the elastic region. Campbell 
predicts the central displacement, w0, for initially un-stretched membranes as: 
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r being the radius, t the thickness, E the Young’s modulus and p a uniform pressure. 
For tightly stretched membranes, the formula changes to the following: 
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σ being the initial tensile stress in the membrane 
The size and characteristics of a circular membrane were chosen to correspond to the 
membranes looked at in previous chapters. More precisely, the maximum deflection of a 300 mm 
diameter large, 0.025 mm thick Kapton circular membrane fully clamped on its perimeter and under 
a pressure of up to 500 Pa was studied. Very good correlation was found between the results 
obtained in the theory and the FEA as the pressure was increased, as seen in Table 7.1. At the end of 
the analysis, when 500 Pa were reached, the FEA simulation predicted a 10.3 mm central 
displacement whilst the theoretical calculations predicted a 10.4 mm displacement using 
Equation (7.1). No wrinkling was observed in the FEA simulation due to the boundary conditions: the 
circular perimeter applies biaxial tension throughout the membrane. This comparison confirms the 
validity of the FEA model for elastic materials.  
Pressure 
(Pa) 
Theoretical 
prediction 
(mm) 
FEA 
prediction 
(mm) 
0 0.0 0.0 
100 6.1 6.0 
200 7.7 7.6 
300 8.8 8.7 
400 9.7 9.5 
500 10.4 10.3 
Table 7.1: Maximum deflection attained by the membrane as the pressure is increased, compared between the theory 
and the FEA predictions. 
A 2D section of the FEA inflated shape was taken and subtracted from a reference best-fit 
parabola; the results are shown in Figure 7.1 below. The section is taken between two diagonally 
opposite points on the perimeter of the membrane. The results obtained are similar to the graph 
derived from theoretical work done by Hencky & Campbell and shown in Figure 7.2. This confirms 
the shape obtained by the method used here.  
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Figure 7.1: Cross-section of the difference between the out-of-plane results obtained with the FEA of a fully clamped 
circular membrane pressurised to a F number of 8, with no pre-strain and a perfect parabola. This graph can be 
compared with similar graphs produced by the Hencky-Campbell theory of circular membranes, shown below. a is the 
radius of the circle, and r is a variable radius taken from the centre of the circle. 
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Figure 7.2: The above graph shows the results obtained with the Hencky-Campbell formula as taken from Jenkins (2001), 
for an unspecified polyimide material. The results are compared with Figure 7.1. The graph is for a reference sphere, 
however it is similar to that of a parabola, the difference between a parabola and a sphere being negligible as shown in 
the bottom graph: a small displacement needs to be added. 
Some other work has recently been published in Santer et al. (2009) to find the pressure 
needed to obtain a given deflection in polygonal, discretely loaded membranes, which are proposed 
for the design of a space telescope: specifically, the pressure needed to achieve a deflection equal to 
10% of the diameter, which is a value close to the one achieved by Herschel telescope’s primary 
reflector. The membrane’s characteristics are slightly different than the ones used in previous 
chapters, as the membrane is made out of Mylar, with E=3790 MPa and Poisson’s ratio ν=0.3, and 
has a diameter of 2500 mm and thickness of 0.014 mm. This scale was chosen as it is shown that 
below 2.5 m diameter, membrane reflectors are a cost-effective alternative to monolithic designs.    
The FEA results obtained through this analysis were compared to results obtained with FEA 
with the proposed model for a similar membrane. Very good correlation was found between the 
required pressures as seen in Figure 7.3(a). Note that the required pressure results obtained through 
FEA were calculated with and without tabs included, to check if tabs had an effect on the pressure 
required. As seen from the results, tabs do have an impact on the pressure required, and the 
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theoretical results match better with the reference when tabs are included. Figure 7.4 shows the 
model when the out-of-plane displacement has reached 10%. It is interesting to note how the 
pressure required is highly dependent on the number of sides of the membrane. 
In the reference, the resulting forces on the vertices are also calculated once the membrane 
has reached its final state. The results obtained from the paper are compared with the FEA results 
obtained in Figure 7.3(b). In this proposed design of space telescope, the corner forces vary from 
450 to 650 N approximately, the force decreasing as the number of side increases. The results 
compare well and hence validate the model. 
  
Figure 7.3: FEA results compared with work derived for polygonal inflated membranes as shown in the below image. 
Even though the material used as well as the diameter of the membrane are different than other results presented in 
this report, the results compare well, proving the validity of the FEA model used. cross is values from the reference, x is 
membrane alone, triangle is membrane with tab.  (b) shows the force at the corners. 
 
Figure 7.4: Out-of-plane deformation of the membrane obtained after pressurisation. The result is not shown to scale. 
7.3.2 Plastic behaviour 
A FEA model is used to check large out-of-plane displacements, to check the validity of the software 
when plastic deformations of the material occur. Plasticity has been used in the previous chapters to 
initiate wrinkles in a non-linear analysis directly, but the effects of plasticity have not been checked 
directly. This section will assess the validity of the results obtained when plasticity is included in the 
model.  
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An experiment was made using a six-sided polygonal membrane, fully clamped on all edges 
by a metal frame. The diameter of the membrane was 275 mm, smaller than the standard model 
due to technical constraints, but apart from that the characteristics of the membrane were the same 
as in previous experiments. The pressurisation was made possible by placing the metal frame on top 
of a vacuum chamber. A rubber band was placed between these two parts to make the chamber 
hermetically sealed. A vacuum pump was used to pump air out of the chamber, applying a negative 
pressure on one side of the membrane as seen in Figure 7.5 and Figure 7.6. The pressure was 
increased up to 40 kPa, at which the membrane failed by bursting. Whilst this corresponds to a high 
pressure, the aim here is to test the validity of the FEA model rather than test a real-life situation.  
The FEA was done both for elastic and plastic material parameters. The results of the 
maximum out-of-plane displacement against the pressure are shown in Figure 7.7 both for the 
experimental data and the FEA. Note that the experimental results were only obtained for pressures 
greater than 10 kPa, due to the technical limitations of the pressure gauge used. The final shape 
obtained with the plastic FEA model is seen in Figure 7.8. 
Different results show that the material has already reached its plastic limit at 10 kPa. In 
Figure 7.7, at 10 kPa, the FEA elastic data does not correspond to the experimental data. Also, when 
repeating the experiment, the membrane was unloaded at various intervals and, permanent 
deformations could already be seen. Logically, a much better accuracy was found when a plastic 
material was defined in the FEA as seen in Figure 7.7. The results obtained with the plastic material 
experiment validate the FEA model used. This model can therefore be used when the structure 
studied has passed its plastic limit.  
Pressure 
pump and 
gauge
Attach point
Rubber seal
Metal frame
Rubber seal
Vacuum 
chamber
Membrane
 
r
 
Figure 7.5: On the left image, a side view of the pressurising apparatus is shown. The membrane is placed within the 
metal frame, and is pressurised from the vacuum chamber below. On the right image a plan view is shown and the six-
sided polygonal membrane has a radius r=137.5 mm. 
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Figure 7.6: Experimental setup to test the plasticity of the material used as a membrane. A polygonal membrane is 
pressurised until failure.  
 
Figure 7.7: Comparison of central deflection of the pressurised membrane between an elastic and plastic FEA. The plastic 
material curve corresponds well with the experiment. 
 
Figure 7.8: Simple experiment of a six-sided polygonal membrane fully clamped on all its edges before being pressurised 
by a vacuum pump. The central deflection was measured and compared to a FEA. 
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7.4 Out-of-plane shape 
7.4.1 Gas pressurisation 
With the FEA models being validated, the shape attained by polygonal membranes when pressurised 
can be investigated. In this work, the polygonal membranes with discrete attachments points as 
boundary conditions seen throughout this dissertation are analysed. The results obtained are 
compared to a reference parabola. Given that this analysis is made with FEA, the effects of wrinkles 
on the shape are considered. In this section, results obtained with gas pressure are first investigated 
and then a method is developed to verify that the results obtained can be considered as a lower 
bound estimate of the area which can be used. For this, results obtained with electrostatic pressure 
are estimated by developing an alternative method. 
The analysis is performed in Samcef, using the parameters described above. Regular 
polygonal membranes of four, six and nine sides are analysed, with diameter 300 mm. First, the 
membranes are tensioned on their vertices to create a pre-stress in the membrane. They are then 
pressurised until they reach a given out-of-plane displacement corresponding to typical values seen 
in the literature, with the focal ratio varying between F=0.5 and F=8, a range seen in the results 
summarised in Chapter 2. As this corresponds to relatively small pressures, an elastic analysis is 
sufficient for these models. 
At the end of the FEA, once the maximum out-of-plane deformation is reached, the vertical 
distance of each node is extracted from Samcef and the results are exported to Microsoft Excel, in 
which sections of the results are compared to a perfect parabola. The equation for a parabola with 
centre and peak in height at the origin is found through the following formula: 
 
      ( 
    ) 
 
 
(7.3) 
 
The constant a in this equation corresponds to the size of the parabola, and in this case the constant 
is found after looking at which parabola fits best with the shape attained by the membrane. The 
constant which produces a parabola which has the largest common area as the membrane is chosen.  
Knowing the equation for the “perfect” parabola and having subtracted from it the shape 
obtained, the three-dimensional results of the deviation are computed in Matlab and shown 
graphically. This is done by using the MESHGRID and GRIDDATA functions in Matlab to mesh the 
results. The GRIDDATA function is used given that the FEA results are randomly spread as a mesh in 
the XY plane, and this function is used to order the results, it fits a surface to the data: 
approximations are made at given coordinates so that the results can be compared with the 
parabolic function at the same coordinates. The MESHGRID function is then used to evaluate the 
deviation obtained for a surface so that it can be plotted graphically. 
A number of different pre-strains and curvatures were studied to understand how these 
parameters influenced the final shape of the membrane and to look for a trend. Some of the results 
are shown in the next section and their initial tension is summarised in Table 7.2. Using equations 
(2.1) and (2.2), the focal ratio as well as the focal distance can be calculated. These are shown in 
Table 7.3 for the different curvatures studied. However, the values shown are only approximations, 
as these will ultimately depend on the best-fit parabola, and not on the maximum out-of-plane 
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displacement and diameter of the membrane. The exact focal ratio values can be re-calculated using 
the same equations but based on the constants used for the parabola.  
Case studied 
Initial tension 
Load  
(N) 
Displacement  
(mm) 
Strain  
(%) 
A 156.0 5.00 3.33 
B 2.7 0.10 0.06 
C 20.5 0.75 0.50 
Table 7.2: Some of the cases studied which are presented here. A range of pre-tensions and curvatures are chosen. 
Case studied 
Approximate 
focal ratio  
(or F) 
Out-of-plane displacement  Approximate 
focal length 
(mm) 
(% of 
diameter) 
(mm) 
A 1.25 5.00 15 375 
B 0.25 25.00 75 75 
C 3.75 1.67 5 1125 
Table 7.3: Values calculated for a 300 mm diameter polygonal membrane. 
The results are first shown for load case A in which a six-sided polygonal membrane with a 
pre-strain of 3.33% on each corner and a focal ratio of 1.25 is studied. This corresponds to relatively 
high degree of curvature, with a central displacement of 15 mm and a high tension of 156 N per 
corner. 
A two-dimensional section of the out-of-plane displacements obtained through FEA can be 
seen in Figure 7.9. The out-of-plane shape is plotted both between two opposite corners of the 
membrane and between two free edges. It is clearly seen in this graph that the section taken from 
corner-to-corner is more curved than the section taken from edge-to-edge of the membrane. Hence, 
the best-fit parabola needs to lie somewhere between these two curves.  
The parabola is chosen by subtracting a range of perfect parabolic sections from the FEA 
sections obtained. The parabola which shows the largest flat area is chosen, this occurs when the 
difference between the perfect parabola and the FEA results obtained is close to zero as shown in 
Figure 7.10 for the membrane studied. In this graph, it is clear that a large portion at the centre of 
the membrane is very close to a perfect parabolic shape. The fact that the sides of the graph go 
alternatively up or down shows that the parabola chosen has a degree of curvature which lies 
between the two sections compared. 
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Figure 7.9: Section taken from the polygonal membrane, and compared to a perfect parabola. The sections are taken 
from corner to corner and from side to side. The curvature of both sections is not the same and the perfect parabola is 
found between the two. 
 
Figure 7.10: Difference between a perfect parabola and the sections obtained. It can be seen that a large amount of the 
membrane is close to parabolic. 
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After optimising the flat area on Figure 7.10, the formula of the parabola is obtained and the 
difference between the perfect parabola and the actual results can be calculated for every point in 
the membrane. A three-dimensional plot is created in Matlab with the results, as seen in Figure 7.11. 
In plot (a), the difference between the actual data and a perfect parabola is shown. In Figure 7.11(b), 
all values which lie within the ±0.005 mm range only are plotted: this corresponds to ±8 wavelength 
of light (λ), which is in the range defined as acceptable in an earlier section. Finally, in the bottom 
plot (c), a contour plot of this last result is made, with ten contour lines. As it can be seen, these 
contour lines are close to the edges of the shape obtained and analysing this plot shows that most of 
the central region actually has accuracy better than ±0.0007 mm or ±1.1 λ. This confirms the results 
in Figure 7.10 which shows that a large part of the membrane’s section is very close to a parabola.  
 
Figure 7.11: The top left image shows the overall difference between a reference parabola and the out-of-plane shape 
obtained with a six-sided membrane with pre-strain of 3.33% and deflection of 5%. The top right image shows the area 
which is available with an accuracy of ±0.005 mm and the lower image shows a contour plot of this area, showing that 
the central region has accuracy even greater, reaching 0.0007 mm.  
The same procedure was also performed for polygons having four and nine sides, with same 
amount of pre-strain and curvature. The number of sides compared with the percentage parabolic 
shape achievable is shown in Table 7.4 below. A large increase in parabolic area can be seen as the 
number of side increases, and hence as there is more boundary control. The parabolic area in a four-
sided polygon is 10.5% and goes up to 25.1% for a nine-sided polygon.  
(a) (b) 
(c) 
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The results obtained show that there is a certain area of the membrane which can be used 
as a parabolic reflector. It is observed that the area varies with the number of sides of the polygon, 
but other parameters need to be checked too in order to investigate their influence. The amount of 
central deflection used in this simulation (F=1.25) is high in the range seen in literature which usually 
varies between 0.5 ≤ F ≤ 8 and the amount of deflection can still be lowered. However, these results 
show the general trend as the number of sides of a membrane varies.  
To assess the effect of pre-strain, the last row of Table 7.4 shows the result obtained with a 
circular membrane pressurised to the same focal ratio but with no initial pre-strain. In terms of 
curvature, even though the number of points is infinite on the circle, the fact that there is no pre-
strain decreases the parabolic area to 7.1%. It is therefore seen that pre-strain has a considerable 
importance.  This confirms what was discussed in Chapter 2 in the literature review for circular 
membranes clamped around their boundary: less pre-strain gives less control of the final shape: “in 
the limit of very high pre-strain, the stress distribution should tend to a nearly uniform one, which is 
the hallmark of a spherical surface” (Jenkins, 2001). Even though a spherical surface is mentioned 
rather than a parabolic one, more pre-strain gives better control of the membrane’s shape. 
No of sides Total Area (mm2) Parabolic Area (mm2) % of Parabolic Area 
4 45000 4725 10.5 
6 58457 11282 19.3 
9 65082 16336 25.1 
Circle(no pre-strain) 70686 5027 7.1 
Table 7.4: Polygons of 300 mm diameter: number of sides compared to the area available for parabolic reflection. 
Other FEA simulations performed showed that changing different parameters of the 
membrane influenced in different manners the parabolic area. A larger diameter of the membrane 
increases the magnitude of the error proportionally. As an example, a ten times increase in diameter 
increases error amplitude ten times. On the other hand, it was observed that the thickness of the 
membrane does not have a major influence on the shape the membrane takes. However, pressure 
has to be increased when the thickness is increased. Results of the difference between FEA results 
and a perfect parabola along a profile for membranes of various thicknesses are shown in Figure 
7.12 for case A. The central region starts being affected when the thickness reaches 2.5 mm, but 
very little effect is seen before. It can be concluded that the boundary conditions have more effect 
on the shape than the thickness of the membrane.  
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Figure 7.12: Effect of the change in thickness for a 6-sided polygonal membrane with 5% deflection and 5 mm strain, 
corresponding to case A. The difference between the out-of-plane displacement from a corner to corner section with a 
perfect parabola is shown. It can be seen that thickness has little influence on the amount of parabolic shape of the 
membrane. 
The next example shown is case B, where the amount of pre-strain is decreased and the 
central deflection is increased on a membrane. The aim is to look at a situation where both of the 
factors should reduce the parabolic area. The central deflection of a six-sided polygonal membrane 
is increased to a focal ratio of 0.25, and the pre-strain is reduced to 0.1 mm (or 0.06% strain). The 
parabolic area is smaller dropping from 19.3% to 5.8% (3365 mm2) of the total area of the 
membrane. This is a large degradation of useable area when compared to Case A.  
Finally, another case of a six-sided polygon is looked at, case C, where a focal ratio of 3.75 is 
chosen, in the middle of the prescribed range, and a relatively small but high enough pre-strain is 
chosen, the equivalent of 20.5 N (or 0.5% strain). The result of the parabolic area is shown in Figure 
7.13. The parabolic area in this case goes up to 28% of the total area, as opposed to 19.3% in load 
case A. It is seen that even though the tension is decreased in comparison with the first example, the 
fact that the central displacement is decreased too makes the parabolic area larger. Hence, less 
error from a perfect parabola is expected with lower deflections. However, this makes the focal 
length to become longer.  
A number of cases were investigated, and it was found that generally, less pre-strain and 
larger out-of-plane displacements reduced the parabolic area. 
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Figure 7.13: Parabolic area shown for case C. The parabolic area accounts for 28% of the membrane. 
7.4.2 Electrostatic pressurisation 
A simple procedure was developed to confirm the earlier assumption stating that electrostatic 
attraction would result in a larger parabolic area than gas pressurisation used in the above section.  
The differences between the gas pressure used in the above section and an electrostatic 
pressure are looked at to understand what parameters need to be adapted to reflect the type of 
pressure in the FEA. 
The study was made on the previous case C because of the good results achieved, the 
pressure and pre-tension for that case are also average values seen in literature. Hence, the 
curvature has a focal ratio of 3.75 and the corners are initially pre-tensioned by 20.5 N. It was 
assumed that the conductive plate was flat, and held parallel to the membrane at a constant 
distance away from its corners. The distance between the corners of the membrane and the plate 
was calculated knowing that at the end of the pressurisation, the minimum gap between the central 
point of the membrane and the conductor needs to be five times the value of the central 
displacement to avoid any instability as explained previously in Chapter 2.  
As briefly stated in Chapter 2, the magnitude of the electrostatic pressure will be different 
on different parts of the membrane as deformation increases: the distance between the membrane 
and the conductor does not remain constant. The pressure difference at various points in the 
membrane can be calculated on the basis of Equation (2.3), which is reproduced here as Equation 
(7.4): 
   
             
  
 
 
(7.4) 
 
 
Where the constant              is the vacuum permittivity constant (Farad/m), P the pressure 
(Pa), V the difference in voltage (V) and g the gap between the conductors (m). Knowing that at the 
final stage of pressurisation the closest distance between the membrane and the plate is g and the 
longest is (  
 
 
), the difference in pressure between these two points can be calculated: 
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This value is valid for all polygons of any scale, and is the result once the membrane is fully 
pressurised or in other words when the gap is at its minimum. The result shows that the pressure 
difference will be 30.56% between the central point of the membrane and its corner point. This 
highlights that depending on the shape of the conductor, there can be a substantial difference in 
pressure applied on the membrane. The difference in pressure between the central point of the 
membrane and the corner point being 30.56%, it cannot be assumed in the FEA that the pressure is 
equivalent over the whole membrane as in gas pressurisation. 
To confirm this, Equation (7.4) was used to show that the pressure dramatically decreases as 
the distance between the membrane and the conductor increases. Figure 7.14 shows the pressure 
variation when the gap is increased but when the voltage is kept constant. Also, the difference in 
pressure between a central and a corner point are highlighted with the two curves shown. It can be 
seen that there is a large decrease of pressure as the gap increases.  
 
Figure 7.14: Pressure available for any polygonal membrane according to the gap size for a constant voltage of 10000 
Volts. From this information, the advantages of having a small amount of curvature are highlighted, as the pressure 
produced by 10 000 Volts dramatically decreases. 
In order to account for the difference in pressure between the different parts of the 
membrane, the pressure applied on each element needs to be re-computed at different intervals, as 
the membrane deforms. After consultation with SAMTECH support team, it was found that this 
cannot be done automatically with Samcef. The method proposed consists of manually updating the 
pressure applied on every single element of the membrane at regular intervals during the 
computation. Every time the central element of the membrane reaches a certain vertical 
displacement dmax the computation is stopped, and the vertical displacement of each element is 
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extracted.  The results are exported to Matlab, and using Equation (7.4), the pressure to be applied 
on each element is updated according to its new vertical distance from the conductor di. The input 
file for the FEA software is automatically updated using Matlab with the new pressure magnitudes. 
Computations are performed until dmax reaches a second fixed limit. The new di for each element is 
then extracted and the pressure re-updated.  This process is done until the final out-of-plane 
displacement required is reached. Also, as the pressure is not reached instantaneously in reality, the 
pressure is increased gradually by using a voltage variable. This method is an approximation of the 
way the membrane would behave under electrostatic attraction, which gives correct results as long 
as dmax is kept sufficiently small. The main disadvantage of this method is the necessity for the user 
to interact permanently with the FEA software to manually update the pressure. 
The other distinction between the two types of pressurisation is the direction in which the 
pressure acts. A flat conductor plate applies a unidirectional pressure on the elements of the 
membrane unlike gas pressure which acts normal to surfaces. To account for the unidirectional 
pressure the “SFZ” command in Samcef is used, which applies a unidirectional pressure in the 
vertical direction on all elements. 
Computations were done using this method in five steps, for a membrane with electrostatic 
attraction. The FEA itself was done in less than 10 minutes for each step, but time had to be spent to 
process the data between the different steps. The results are compared with the ones obtained for 
case C seen earlier where the membrane was pressurised with gas.  
As in the previous section, the parabolic region as defined earlier was plotted in Matlab and 
is shown below in Figure 7.15. The parabolic area corresponds to 39% of the overall shape. The 
results obtained with a gas pressure as seen in Figure 7.13 show a smaller shape, which accounts for 
only 28% of the overall membrane. A comparison of the results is shown in Table 7.5. It also needs to 
be noted that 15% of the membrane in the electrostatic pressure case has accuracy better than 
±0.0005 mm. It can be seen that the final pressure needed to achieve a given out-of-plane 
displacement is slightly higher for electrostatic pressure, and this seems logical as different parts of 
the membrane will have different amounts of pressure. The voltage needed to attain this pressure is 
high, 125 955 V, about 12 times more than the value which is said to be easily achievable in space in 
the literature review. 
 
Figure 7.15: Parabolic shape obtained from an electrostatic pressure, which accounts for 39% of the membrane’s area. 
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Pressure 
dmax 
(mm) 
Final voltage  
(V) 
Final max pressure 
(Pa) 
Parabolic area  
(%) 
Electrostatic  1 125 955 156 39 
Standard  - - 145 28 
Table 7.5: Results obtained between electrostatic pressure and standard pressure. 
This analysis shows that using a uniform pressure gives less parabolic area than using an 
electrostatic pressure. Hence, as expected, it is likely that all the results obtained in the sections 
above using uniform pressure are conservative results. The assumption made earlier is validated. 
7.5 Effect on wrinkles 
Whilst the results shown in the above section were obtained with FEA which took into account 
wrinkling, the problem of wrinkles was not addressed directly even though it affected the results. 
The effect of pressure on compression and on wrinkling is studied in this section. Gas pressurisation 
is used for reasons mentioned earlier. The pressurisation is performed using the same parameters as 
the ones described above, using the elastic model. 
7.5.1 Uniformly loaded membranes 
The uniformly loaded membrane studied in case C is used here to understand better the wrinkling 
effect. The final out-of-plane shape is shown in Figure 7.16 in plan view, and four sections are taken 
and shown in Figure 7.17. The area close to the corners of the membrane is affected by wrinkles 
whilst the central part is not: along sections (a) and (b), one wrinkle can be seen but not along 
sections (c) and (d). A perfect arc can be seen close to the centre in Figure 7.16, but this arc becomes 
less perfect as distance from the centre is increased. Wrinkles are therefore present and they seem 
to affect the regions close to the corners. They may therefore contribute to the non-parabolic shape 
observed earlier. 
 
a
b
c d
 
Figure 7.16: Sections taken in different locations for the out-of-plane deformation of load case C. 
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Figure 7.17: Sections taken in the above figure, all shown to the same vertical scale ranging from 0 to 14 mm. 
The top row of Figure 7.18 shows the out-of-plane displacement with different levels of 
pressurisation ranging from 0 to 250 Pa. The second row shows the compressive regions for an 
equivalent amount of pressure. It can be seen that the pressure has a negligible effect on 
compression at low pressures, however the compressive region increases as pressure is increased 
furthermore. This increase in compression could be one of the explanations to the result found 
earlier. It was concluded that the general shape was closer to a parabola when the focal ratio was 
high and hence the pressure low. However, it is difficult to assess the exact length and 
characteristics of the wrinkles due to the general out-of-plane shape of the membrane. It should also 
be noted that the increase in the compression regions and wrinkles could be due to the fact that the 
corners are fixed during pressurisation, and hence the tension applied on the corners increases 
naturally. 
It can be concluded that pressure does not mitigate corner wrinkles, but makes the 
compressive regions larger and hence probably the wrinkles larger too. Small pressures and 
curvatures are therefore required to keep wrinkles down.  
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Figure 7.18: The top row shows the out-of-plane displacement of the membrane for different amounts of pressure. (a) 
shows no pressure, the scale ranges from -0.1 to 0.25 mm (b) with 25 Pa pressure and the scale goes from 0 to 1 mm (c) 
with 145 Pa pressure and the scale goes from 0 to 5 mm and (d) with 250 Pa pressure and the scale goes from 0 to 
7.5 mm. The bottom row shows the compression present in the membrane for the equivalent loading. 
7.5.2 Non-uniformly loaded membranes 
Pressurisation was also performed on membranes having diagonal wrinkles. The non-uniformly 
loaded polygons shown in Chapter 4 were taken as the basis of the analysis. The effect of pressure 
on the wrinkles was investigated, in a search for a possible mitigation technique in this case. 
The analysis for load case (ii) is shown below from a plan view and a side view in Figure 7.19. 
This load case is representative as it is the one in which the largest wrinkle appears in the flat 
analysis. The two opposite corners which are tensioned to 50 N show a large wrinkle between them, 
which is decreased as the membrane is pressurised. In Figure 7.19, the top row shows the out-of-
plane displacement of the membrane and it can be seen that the main wrinkle disappears when 
inflation is increased to a given amount. The second row, which shows compressive stresses in red, 
illustrates how compression is reduced in the central part of the membrane and close to the edges 
as the pressure is increased. However it is also observed that the compressive regions close to the 
corners are getting larger as inflation increases. Even though they are little compared to the out-of-
plane displacement of the structure, small wrinkles can be observed close to the corners in the final 
out-of-plane shape. This shows that overall, inflation has a positive effect on large diagonal wrinkles 
and can help mitigate them but has a negative effect on the regions close to the corners which have 
more compression and wrinkles than before. In this case, a pressure of 4000 Pa is needed to supress 
the diagonal wrinkle, which is a relatively large pressure.  
(a) (b) (c) (d) 
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Figure 7.19: Six-sided polygonal membrane tensioned on its left and right corner and then pressurised until the wrinkle 
has completely disappeared. The lower images show the evolution of compression as the membrane is pressurised, note 
the mitigation of the central compression but the increase in corner compression. In (a) there is no pressure, in (b) 
400 Pa and in (c) 4000 Pa. The displacement in (c) reaches 27.5 mm, whilst the initial wrinkle was 2.7 mm. 
Load case (iii) is shown below in Figure 7.20 as the pressure is increased on the membrane. 
In this figure, the out-of-plane shape is shown until a pressure of 800 Pa is reached. At this stage, 
some cross-sections on the membrane are taken to observe better the wrinkles present on the 
membrane as seen in Figure 7.21 and Figure 7.22. From these graphs it can be seen that wrinkles are 
still present in the membrane at this pressure and even though they are not located everywhere, 
pressure has not mitigated them.  
 
Figure 7.20: Out-of-plane displacements for load case (iii) with no pressure in (a), 400 Pa in (b) and 800 Pa in (c).  
 
Figure 7.21: Sections taken in load case (iii). Here the un-deformed shape is shown when the pressure has reached 
800 Pa, corresponding to an out-of-plane displacement of 13 mm. 
(a) (b) (c) 
(a) (b) (c) 
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Figure 7.22: Sections taken in the above figure, all shown to the same vertical scale, ranging from 0 to 13 mm. Wrinkles 
can be seen in all sections. 
This shows, as for the previous load case, that pressure does have an effect on the wrinkles. 
However, high levels of pressure are necessary to mitigate the wrinkles. Knowing that pressure is 
limited if electrostatic pressure is used, as the voltage will be dependent on the capacity to produce 
electricity in space, it is unlikely that the pressure produced could mitigate wrinkles. An analysis was 
made to see if it would be possible to mitigate a small diagonal wrinkle with electrostatic pressure in 
an experiment in the laboratory. Load case (ii) was looked at, but to achieve the mitigation of the 
large wrinkle shown in Figure 7.19, an electricity voltage of just under 4000 kV would be necessary 
through electrostatic attraction; this value is very high. The main reason for this is that the maximum 
out-of-plane displacement is 27.5 mm when there are no more wrinkles present. However, at this 
displacement, a minimum gap of 165 mm is necessary: the conductor is far from the membrane and 
has less attractive effect. Achieving this voltage in a lab is not realistic, as maximum values of 10 kV 
were mentioned when talking to experts in this field: hence this cannot be done experimentally.  
The results show that it would be unrealistic to rely on electrostatic pressure to mitigate large 
wrinkles. Hence, even though electrostatic pressure will have a positive impact on diagonal wrinkles, 
this impact is negligible. 
7.6 Space-telescope design considerations 
From the different analyses performed in this chapter, several conclusions can be made towards 
design considerations for pressurised membranes. 
The pre-tension applied on the corners of membranes influences the parabolic area 
considerably. As pre-tensioning is increased there is a better control of the parabolic shape attained 
by the membrane. However, it is also known that pre-tension increases wrinkle amplitude, and also 
(a) (b) 
(d) 
(e) 
(c) 
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prevents out-of-plane curvature as more pressure is needed when pre-tension is increased. A good 
compromise needs to be found.  
Concerning the focal ratio, it has been seen that membranes with little curvature have more 
parabolic area than when the curvature is increased. The reason might come from the fact that 
wrinkling plays a major role in the shape of the membrane. Small pressures do not alter the wrinkles 
in uniformly loaded polygons, however higher pressures generate further compressive regions and 
hence wrinkling. Hence, it is important to keep the pressure as low as possible to prevent further 
wrinkling. Concerning diagonal wrinkles, it was observed that very high pressures were needed to 
mitigate the wrinkles. Hence, it is not realistic to think that they can be eliminated this way. 
In terms of electrostatic pressure, little is known about how much voltage could be used in 
space. Only one reference mentions that values of 10 000 V were highly feasible in space as stated in 
Chapter 2. As an example of what could be achieved with this voltage, Figure 7.23 below shows how 
different parameters change for a membrane with a 3.75 focal ratio and pressurised by a flat 
conductive plate at a potential difference of 10 000 V. As the diameter of the membrane increases, 
the depth required to achieve a similar focal length has to increase too. Accordingly, the gap 
between the membrane and the plate increases as well for stability purposes. This in turn affects the 
pressure exerted on the membrane. The pressure available at these longer distances dramatically 
drops as seen with the green triangles on Figure 7.23 and as calculated from Equation (7.4).  
Assuming that the pressure required can be approximated with Equation (7.1), the pressure 
required for this focal length can be calculated. The results are shown as the purple circles on the 
graph. It can be seen that the pressure available is always less than the pressure required. Further 
details are given in Table 7.6 which shows the actual maximum displacement of the membrane with 
10 000 Volts compared to the required displacement. It should be noted that the pressure required 
is based on conservative equations obtained from the equation obtained in Campbell’s work 
described earlier, with no pre-tension on the membrane.  It is likely that more pressure will be 
required if polygons need pre-tension, like the ones shown throughout this thesis. As an example, 
using Equation (7.1), the pressure needed to reach a 5 mm displacement is 50 Pa, whereas as seen in 
Table 7.5 the actual one is around 150 Pa. However, by changing the focal ratio and requiring less 
curvature, less pressure is needed and an example is given in Figure 7.24 and Table 7.7. In this 
example, for a focal ratio of 8, membranes of up to 100 mm diameter approximately could have 
sufficient pressure to reach the curvature needed if no pre-tension is needed. This shows that 
equilibrium will have to be found between voltage available and focal ratio needed. In general, this 
comforts the thought of having low curvatures. 
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Figure 7.23: Graph showing the amount of pressure required and the amount of pressure available for 10000 Volts and 
to reach a F number of 3.75. Note the graph has a logarithmic scale.  
Diameter 
(mm) 
Required 
depth 
(mm) 
Gap 
(mm) 
Pressure 
available 
(MPa) 
Required 
pressure 
(MPa) 
Depth 
achieved 
(mm) 
10 0.16 1 8.9E-04 1.7E-03 0.14 
100 1.66 10 8.9E-06 1.7E-04 0.63 
1000 16.66 100 8.9E-08 1.7E-05 2.91 
10000 166.66 1000 8.9E-10 1.7E-06 13.51 
100000 1666.66 10000 8.9E-12 1.7E-07 62.69 
Table 7.6: Results obtained showing the amount of pressure required and the amount of pressure available for 
10000 Volts and to reach a F number of 3.75. This assumes a uniform pressure and no pre-strain. 
 
Figure 7.24: Graph showing the amount of pressure required and the amount of pressure available for 10000 Volts and 
to reach a F number of 8. Note the graph has a logarithmic scale. 
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Diameter 
(mm) 
Required 
depth 
(mm) 
Gap 
(mm) 
Pressure 
available 
(MPa) 
Required 
pressure 
(MPa) 
Depth 
achieved 
(mm) 
10 0.08 0.47 4E-03 1.7E-04 0.22 
100 0.78 4.69 4E-05 1.7E-05 1.04 
1000 7.81 46.88 4E-07 1.7E-06 4.82 
10000 78.13 468.75 4E-09 1.7E-07 22.38 
100000 781.25 4687.50 4E-11 1.7E-08 103.90 
Table 7.7: Results obtained showing the amount of pressure required and the amount of pressure available for 
10000 Volts and to reach a F number of 8. This assumes a uniform pressure and no pre-strain. 
Whilst this chapter focuses on flat plates to attract the membrane, this might not be the 
best way to achieve a parabolic shape. By modifying the shape of the conductive structure, the 
deformation can be controlled better and an optimal plate shape can be found to produce a 
parabolic mirror. An optimum attraction shape could be defined by looking at which parts of the 
membrane are too curved and which are too flat. For this, if a part of the membrane needs more or 
less attraction, the conductor’s shape can be changed so that it can be closer or further away from 
the membrane. Several shapes are shown below in Figure 7.25 as an example. The conductors can 
be made out of a light material themselves, such as another membrane. By varying the tension of 
this second membrane, different shapes could be given to it as seen in Figure 7.25(b) where two 
identical membranes attract each other and keep deforming.  
Finally, if the pressure is too low to start with as the plate is a long distance away from the 
membrane, the conductor could be placed closer to the membrane at the start of the pressurisation 
and could then move away from it as the out-of-plane displacement increases. 
      
Figure 7.25: Possible design for various plate conductors, which could influence the shape of the membrane in various 
proportions in different locations. (a) shows general shapes and (b) shows a proposed design taken from Santer et al. 
(2009). 
7.7 Chapter Summary 
In this chapter, pressurised polygonal membranes have been investigated to assess their suitability 
for use as parabolic reflectors. The results show that these membranes do produce a parabolic area 
when pressurised, however the extent of this area is variable and depends on a number of factors. 
Amongst the factors which were tested are the number of sides, the amount of curvature, the initial 
pre-tension and the type of pressurisation. In the range of results obtained, the parabolic area varied 
from 7.1% to 39% of the total area of the membrane. In general better results were obtained with a 
(a) (b) 
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high number of sides, low curvature, high pre-tension and electrostatic pressurisation. Other factors 
such as the size of the membrane also had an effect, but the relative useable area remained the 
same in terms of percentage of the overall surface. However, the thickness of the membrane only 
had a limited effect on the results. Whilst these recommendations need to be considered, there are 
limitations which also need to be taken into account. The main one is the amount of pressure 
available, as polygonal membranes need electrostatic pressure by definition due to their boundary 
condition. Electrostatic pressure magnitude depends on the amount of voltage available. In space, 
this amount is limited and even though it is known that values of 10 kV can easily be reached as 
explained in Chapter 2, the amount of curvature needed is likely to be limited as this voltage is not 
sufficient to produce large curvatures. The effect of pressure on wrinkles has also been studied, and 
it is seen for uniformly loaded membranes that, as curvature increases the corner compressive 
regions increase in size too: lower curvatures are preferred. Also, diagonal wrinkles can theoretically 
be mitigated through pressurisation, however the pressure required is very high and probably 
unfeasible in practise. 
This chapter only shows a limited number of results, however, design considerations for 
parabolic reflectors are determined. A methodology has been developed to obtain results of out-of-
plane displacements with FEA, by comparing results to simple experiments and by assuming that 
electrostatic pressure can be replaced by a gas pressure as this latter will produce a lower bound 
estimate of the parabolic area. This chapter finally highlights the fact that electrostatic attraction has 
a high potential and that further investigations need to be made given that the shape of the 
conductor does not have to be flat but can have other shapes, which are likely to further increase 
the amount of parabolic area in a membrane. As for flat membranes, it is highly probable that the 
useable surface area of the membrane can reach values higher than half of its total area with an 
appropriate design. 
171 
 
8. Chapter 8: Conclusions & suggestions 
for future work 
8.1 Conclusions 
In Chapter 1, the need for larger primary mirrors in space-telescopes has been underlined, to enable 
observation of further celestial objects. In this thesis, thin polygonal membranes have been 
suggested to replace conventional mirrors and these have been studied to assess the amount of 
useable surface for reflective purposes, despite being prone to wrinkling. The need for investigating 
this topic specifically has been explained in Chapter 2: first it is seen that no specific design of future 
space-telescope exists but only some requirements are specified in the literature, such as being 
lightweight, foldable and accurate enough; second, this research is motivated by the past analysis of 
thin square and triangular membranes, which develop wrinkling regions when in-plane tensions are 
applied to them. However, little research had been done on the wrinkling of general polygonal 
membranes and the suitability of n-sided polygonal membranes in space-telescopes for reflective 
purposes is not generally known. 
From the results of the research conducted here, polygonal membranes are good candidates 
to replace the conventional primary mirrors of future space-telescopes. Even though the research in 
this thesis consists of preliminary work on the design of such structures, it is found that some thin 
membranes have large regions, which are not subjected to wrinkling and which can be used for 
reflective purposes. In Chapter 3, the stress fields are correctly estimated by using Airy stress 
functions and an analogy between stresses and curvatures in the shallow bending of plates. The 
results show that compressive regions are limited to corner regions. This is confirmed in Chapter 5, 
where the results obtained for uniformly tensioned membranes show that a majority of the surface 
area of membranes, away from the corners, is unwrinkled. According to the theory predicting out-of-
plane displacements, which agrees well with the FEA, the unwrinkled area accounts for 54% of the 
membrane’s surface for a three-sided polygon and increases to 69% for a six-sided polygon and is 
theoretically valid for polygons of any scale. However, according to the experiments done, polygons 
having an outer diameter of 300 mm do not produce any wrinkles when tensioned and polygons with 
diameter of 635 mm only wrinkle in some corners when high loading magnitudes are reached. This 
shows that if the membrane’s scale is kept small enough, as determined by the limits set out in Table 
5.4 in Chapter 5, designing without wrinkles is possible. It is believed that the attachment mechanism 
tensioning the membrane plays a key role towards the absence of the wrinkles in the experiment 
and, hence, great care must be taken when designing it. Further enhancements can be done to 
maximize the reflective surface, and the wrinkle problem can be tackled by trimming the 
membranes. Whilst this concept was already mentioned in literature, as explained in Chapter 2, no 
quantification of it existed. With the help of the static-geometric analogy developed in Chapter 3, 
which proved that compressive stresses are present close to the corners of all n-sided polygonal 
membranes, a method was developed in Chapter 6 to establish a minimum amount of trimming 
which would suppress all compressive stresses from membranes. Knowing that membranes react to 
compression by wrinkling, this method provides a simple mean of theoretically mitigating wrinkles. 
Experiments were performed with the amounts of trimming obtained, and, a clear reduction in the 
amount of area occupied by the wrinkles was observed. The unwrinkled area in a three-sided 
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polygon was increased by approximately 15% to 45% according to FEA, depending on the tabs used. 
This is a major improvement although the wrinkles were not entirely mitigated unlike the theoretical 
expectations. The reason for this discrepancy is likely due to the presence of tabs in the FEA which 
are non-existent in the theoretical model.  However in the experiment, the method was successful: 
wrinkles were completely mitigated. 
In this thesis, an analysis has also been made to predict the outcome of the complete or 
partial failure of one or several of the tensioning mechanisms, given that the space environment is 
hostile and a mission to fix a telescope is undesirable. A study is made on six-sided polygons to 
highlight typical results obtained with this methodology, although the concept would be the same for 
any number of sides. For these polygons, it is seen that an active control of the tension mechanisms 
is necessary. In case of partial failure of one of the tension forces, a specific re-tensioning of the 
corners can keep the reflective surface free of large diagonal wrinkles: for this a load case needs to 
be adopted and the best one can either be predicted using the Airy stress superposition theory 
developed in Chapter 3 or the out-of-plane FEA predictions with the method presented in Chapter 4. 
It is seen for six-sided polygons that the problematic corner can have a tension force up to fourteen 
times less than the other corner forces without producing a diagonal wrinkle in the membrane and 
whilst preserving equilibrium. Active control is also necessary in case of complete failure of one of 
the tension forces, as the various load cases, as shown in Chapter 4, have a different amount of 
reflective surface which remains available as highlighted in Chapters 5 and 6. It is therefore advisable 
to use the load case which would still produce the largest reflective surface. 
Finally, it was seen that the shape attained by pressurising tensioned polygonal membranes 
is close to parabolic in the central region of the membrane’s surface, as seen in Chapter 7. The extent 
of this region is determined by a number of factors: it is seen that an increasing number of sides, an 
increasing pre-tensioning of the corners and a decreasing out-of-plane displacement all increased the 
extent of the parabolic area. It was determined that the most suitable pressurising mechanism was 
electrostatic pressure, given the free boundary conditions of the polygons’ edges. However, very high 
electricity voltages would be required to achieve relatively large out-of-plane displacements, hence 
small scale membranes with low pre-tensioning are preferred. Results on a six-sided polygon showed 
that 39% of the total surface area could be parabolic, although better results are expected by using 
the methodology developed. 
In this thesis, many results were presented for polygons with relatively low number of sides, 
as these tend to wrinkle more, to highlight the feasibility of using polygonal membranes. The 
methodology developed throughout the chapters is applicable to polygons of any number of sides 
and can be used for the design of future polygonal membranes: all the results obtained in this thesis 
indicate that part of the polygons’ surface can be used for reflective purposes. Several requirements 
to design a wrinkle-free membrane emerge from the thesis and can be used as a guideline towards 
the design of polygonal membranes: the quantifiable details can, of course, be obtained via the 
analysis presented in this thesis. 
1. High number of sides. More sides are preferred, as with an increasing number of side there 
is less compression as seen in Chapters 3 and 4, and less wrinkles as seen in Chapter 5. More 
parabolic area is present as seen in Chapter 7. 
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2. Small-scale membrane. The scale of the membrane is important: small scale membranes, 
such as with 300 mm diameter, do not wrinkle as much as larger ones, and should hence be 
preferred as seen in the experiment in Chapter 5. It is better to use a design where several 
small-scale polygons are used together rather than a single larger one. Also, if pressurised, 
less out-of-plane displacement is needed for a given focal ratio and hence less pressure and 
less gap are required. 
3. Trimmed edges. Trimming plays a key role in the prevention of wrinkles and the values 
obtained in Chapter 6 should be applied to all designs to help prevent wrinkling. 
4. Specific attachment connection. The importance of tabs needs to be accounted for: for 
small-scale telescopes, the tab design used in the experiment is appropriate as wrinkles only 
arise at high levels of loading. For larger-scale telescopes, the smallest tabs possible are 
preferred, to take advantage of the trimming benefits which are valid theoretically without 
the presence of tabs.  
5. Low tension forces. Low tensioning of the corners is beneficial for flat membranes as 
wrinkles are not seen in the experiment at low magnitudes of forces, below 40 N for the 
635 mm diameter membrane, and even in the theory and FEA, the wrinkles have lower 
amplitudes: they are therefore easier to control. With curved membranes, low tension forces 
decrease the parabolic surface, however less voltage is required to attain a given curvature. 
6. Active control of tension mechanisms. To maintain equal tension on all the corners when 
uniformly loaded, but also to deal with potential tensioning failures, it is necessary to have 
an active control of the tension forces. Adapting them can prevent diagonal wrinkles or can 
maximise the reflective surface in case of failure of one of the tension forces.  
 
Additionally, if the design requires curved membranes with electrostatic attraction: 
 
7. Low curvature. Low curvature is needed to increase the parabolic area and it requires less 
electrical voltage. This type of design is also good if a number of small-scale primary 
reflectors are used in conjunction, as high degrees of curvature are not required. 
8.2 Suggestions for future work 
The work shown in this thesis has answered a number of questions regarding the use of polygonal 
membranes as space-reflectors, but has also opened new questions and there is a need to pursue the 
study of this topic in a number of areas. Suggestions for future work are given below for some key 
areas from which questions have appeared in the work carried out: 
1. In Chapter 3, it is seen that the theoretical model obtained from the superposition of several 
Airy stress functions predicts stress fields with a high degree of accuracy, much better than 
with the standard stress field theory developed in the literature. There is a need to apply this 
theory into the out-of-plane theoretical model developed in Chapter 5 for n-sided polygon. 
However, given that the strains produced by the theoretical model are different in every 
point of the membrane, the model needs to be developed in a program such as Matlab so 
that the strains and stresses can be directly calculated at every point in the membrane. The 
aim is to improve the theoretical predictions of wrinkle details, even though this would still 
ignore non-linear effects. This could also improve scale effects, as it is seen that in 
experiments wrinkles do not occur in relatively small polygons. 
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2. Some Airy stress functions could also be investigated to analyse the stresses induced by the 
tabs of various geometries in the membrane. This could highlight better the type of tab that 
needs to be used, according to the stress predictions. 
3. The static-geometric analogy developed in Chapter 3 shows with accuracy the shape of the 
stress field, however it does not provide a link between the degree of curvature and the 
stress magnitudes. This problem needs further thought to be able to use the analogy to 
predict stress magnitudes. 
4. Some curling was observed both in FEA and experiments for the four-sided polygon. 
Investigations need to be pursued to check the causes of this curling and to explain why it 
occurs in four-sided polygons but not in the three-sided ones. The curling also needs to be 
prevented.  
5. Scale effects need to be investigated further: whilst all the experimental and FEA work 
looked at polygons with different side numbers, all the polygons had a relatively small 
diameter with a maximum of 635 mm. The effect of increasing the diameter by a much 
greater amount needs to be checked, even though this would require more powerful 
computers for the FEA and a high accuracy for the experiments, which would need to be 
done in particular conditions. 
6. An electrostatic pressure module needs to be developed in a FEA program so that the 
membrane’s out-of-plane displacements can be calculated with more accuracy and in less 
time. This will allow several conductor shapes to be tested to see their influence.  
7. Maximum electrical voltages also need to be defined, to understand better the maximum 
curvature that can be achieved. An experiment could then be designed to test the 
electrostatic pressure. 
8. More generally, with the help of the methodology developed in this thesis and with the 
design suggestions made, the complete design of a membrane reflector should be carried 
out, built and tested in a laboratory. The design will be influenced by several characteristics 
of the support mechanism, such as its density to determine the number of sides to be used. 
After a test is carried out, a 3D image of the membrane’s shape needs to be obtained and it 
will be possible to see whether a fine tuning of the membrane is required through the use of 
actuators. Incorporation of these actuators in the design will have to be investigated before a 
small-scale membrane is sent into space and tested to provide a heritage technology for 
future membrane reflectors.  
175 
 
Bibliography 
Andersen, G., Knize, R., Palisoc, A. & Cassapakis, C., 2002. Large-aperture holographically corrected 
membrane telescope. Society of Photo-Optical Instrumentation Engineers. 
Angel, R. et al., 2000. Stretched membrane with electrostatic curvature (SMEC): A new technology for 
ultra-lightweight space telescopes. UV, Optical, and IR Space Telescopes and Instruments. 
Ash, J., Jenkins, C., Marker, D. & Wilkes, J., 2004. Shape Achievement of Optical Membrane Mirrors 
Using Coating/Substrate Intrinsic Stresses. Journal of Spacecraft and Rockets, volume 41, No.4. 
Belvin, W., 2004. Advances in Structures for Large Space Systems. AIAA Paper 2004-5898. 
Blandino, J., Johnston, J. & Dharamsi, U., 2002. Corner Wrinkling of a Square Membrane Due to 
Symmetric Mechanical Loads. Journal of spacecraft and rockets, Volume 39, No.5. 
Bower, A., 2010. Applied mechanics of solids. CRC Press. 
Burge, J., Sabatke, E., Angel, J. & Woolf, N., 1997. Optical Design of Giant Telescopes for Space. 
University of Arizona. 
Calladine, C., 1977. The static-geometric analogy in the equations of thin shell structures. Math. Proc. 
Camb. Phil. Soc., volume 82, page 335. 
Calladine, C., 1989. Theory of shell structures. Cambridge University Press. 
Campbell, J., 1956. On the theory of initially tensioned circular membranes subjected to uniform 
pressure. Quart. Journ. Mech. and Applied Math., volume 9, part 1. 
Cunliffe, W., 2003. De-Wrinkling of Membranes. Fourth Year Undergraduate Project, Cambridge 
University. 
Dhillon, V., 2010. Reflectors. [Online] Available at: 
http://www.vikdhillon.staff.shef.ac.uk/teaching/phy217/telescopes/phy217_tel_reflectors.html 
[Accessed 23 March 2011]. 
Dorrington, A., Jones, T., Danehy, P. & Pappa, R., 2004. Laser-Induced-Fluorescence Photogrammetry 
for Dynamic Characterization of Membrane Structures. AIAA Journal, Volume 42, No.10. 
Dupont, 2008. Kapton. [Online] Available at: 
http://www2.dupont.com/Kapton/en_US/assets/downloads/pdf/HN_datasheet.pdf [Accessed 22 
May 2008]. 
Epstein, M., 2002. Differential Equation for the Amplitude of Wrinkles. AIAA Journal, volume 41, No 2: 
Technical notes. 
Errico, S. et al., 2002. Stretched Membrane with Electrostatic Curvature (SMEC) Mirrors: A new 
technology for large lightweight space telescopes. Proceedings of SPIE, volume 4849. 
Bibliography 
 
176 
 
Fiete, R., Mooney, J., Tantalo, T. & Calus, J., 2000. Image quality assessment of sparse aperture 
deisgns with decreasing fill factors. Proceedings of SPIE, volume 4091. 
Griffith, A. & Taylor, G., 1917. The use of soap films in solving torsion problems. The Institution of 
Mechanical Engineering. 
Guest, S., 2009. Mechanics of Solids. CUED Lecture notes for module 3C7, Cambridge University. 
Hibbitt, Karlsson & Sorensen, 2001. ABAQUS Theory and User's Manual Version 6.2. ABAQUS. 
Hofling, R. & Aswendt, P., 2009. Real time 3D shape recording by DLP based all-digital surface 
encoding. SPIE proceedings, volume 7210. 
Huntington, C., 2004. The tensioned fabric roof. ASCE press. 
JAXA, 2011. Small Solar Power Sail Demonstrator "IKAROS". [Online] Available at: 
http://www.jspec.jaxa.jp/e/activity/ikarosleaflet.pdf [Accessed 23 March 2011]. 
Jenkins, C., 2001. Gossamer spacecraft: membrane and inflatable structures technology for space 
applications. AIAA, Progress in Astronautics and Aeronautics, volume 191. 
Jenkins, C., 2006. Recent Advances in Gossamer Spacecraft. American Institute of Aeronautics and 
Astronautics. 
Jenkins, C. & Schur, W., 2002. Gore/Seam Architectures for Gossamer Structures. Journal of 
Spacecraft and Rockets. 
Koch, K.-M., 2004. Membrane Structures. Prestel. 
L'garde, 2006. Inflatable Antenna Experiment. [Online] Available at: 
http://www.lgarde.com/gsfc/207.htm [Accessed 23 March 2011]. 
Mansfield, E., 1989. The bending and stretching of plates, second edition. Cambridge University Press. 
Marker, D. et al., 1998. Optical evaluation of membrane mirrors with curvature. Proceedings of SPIE, 
volume 3430. 
Membranes24, 2011. Membranes 24. [Online] Available at: http://www.membranes24.com 
[Accessed 01 March 2011]. 
NASA, 1997. Preliminary Mission Report - Spartan 207/Inflatable Antenna Experiment Flown on STS-
77. NASA. 
NASA, 2007. Thinking Big about Space Telescopes. NASA. 
NASA, 2008a. JWST Observatory: A new type of mirror, a new type of telescope. [Online] Available at: 
http://www.jwst.nasa.gov/mirror.html [Accessed 22 May 2008]. 
NASA, 2008b. Lightweight Cryogenic Mirrors. [Online] Available at: 
http://www.jwst.nasa.gov/mirrors.html [Accessed 22 May 2008]. 
Bibliography 
 
177 
 
NASA, 2008c. The very large space telescope. [Online] Available at: 
http://optics.nasa.gov/concept/vlst.html [Accessed 22 May 2008]. 
NASA, 2010a. Basics of Space Flights. [Online] Available at: http://www2.jpl.nasa.gov/basics/bsf11-
3.php [Accessed 16 March 2011]. 
Pappa, R., Black, J. & Blandino, J., 2003. Photogrammetric measurement of gossamer spacecraft 
membrane wrinkling. SEM Annual conference. 
Rimrott, F. & Cvercko, M., 1985. Wrinkling in thin plates due to in-plane body. Springer - Inelastic 
Behaviour of Plates and Shells. 
Roddeman, D., Drukker, J., Oomens, C. & Janssen, J., 1987. The Wrinkling of Thin Membranes: Part I - 
Theory. Journal of Applied Mechanics, volume 54, page 884. 
Ruggiero, E. & Inman, D., 2006. Gossamer Spacecraft: Recent Trends in Design, Analysis, 
Experimentation, and Control. Journal of Spacecraft and rockets, volume 43, No 1. 
Sadd, M., 2005. Elasticity: Theory, Applications, and Numerics. Elsevier Academic Press. 
Sakamoto, H., Park, K. & Miyazaki, Y., 2007. Evaluation of membrane structure designs using 
boundary web cables for uniform tensioning. Acta Astronautica volume 60, issues 10-11, pages 846-
857. 
SAMTECH, 2006a. Projet PASTISS, Dossier de tests, Summary report. 
SAMTECH, 2006b. Projet PASTISS, Dossier de tests, TN11-PASTISS-test. 
Santer, M. & Seffen, K., 2009. Optical space telescope structures: The state of the art and future 
directions. The Aeronautical Journal, Volume 113, No 1148. 
Santer, M., Seffen, K. & Bonin, A., 2009. Small Diameter Membrane Reflector Structures. 50th 
AIAA/ASME/ASCE/AHS/ASC Structures conference, paper 2150. 
Savitzky, A. & Golay, M., 1964. Smoothing and Differentiation of Data by Simplified Least Squares 
Procedures. Analytical Chemistry, volume 36, No 8. 
Sleight, D., Tessler, A. & Wang, J., 2002. Structural wrinkling predictions for membrane space 
structures. FEMCI Workshop. 
Stamper, B. et al., 2001. Stretched Membrane with Electrostatic Curvature (SMEC) Mirrors for 
Extremely Large Space Telescopes. Proceedings of SPIE, volume 4451. 
Stamper, B., Angel, R., Burge, J. & Woolf, N., 2000. Flat Membrane Mirrors for Space Telescopes. 
Proceedings of SPIE. 
Stein, M. & Hedgepeth, J., 1961. Analysis of partly wrinkled membranes. NASA, technical note D-813. 
Tessler, A., Sleight, D. & Wang, J., 2005. Effective Modeling and Nonlinear Shell Analysis of Thin 
Membranes Exhibiting Structural Wrinkling. Journal of Spacecraft and rockets, volume 42, No 2. 
Bibliography 
 
178 
 
Theiler, J. & Priedhorsky, C., 1997. Intensity masking to get high resolution images from low quality 
apertures. Proceedings of SPIE, volume 3170. 
von Mises, R., 1945. On Saint Venant's principle. American Mathematical Society. 
Wang, C., Du, X. & Wan, Z., 2007. An experimental Study on Wrinkling Behaviours and Characteristics 
of Gossamer Space Structures. Strain, Volume 43, Number 4. 
Wang, X. et al., 2008. High-Fidelity Wrinkling Analysis of Membrane Structures and Elliptical Cut 
Optimization. AIAA paper 2008-2255. 
Wang, C., Tan, H., Du, X. & Wan, Z., 2007. Wrinkling prediction of rectangular shell-membrane under 
transverse in-plane displacement. International Journal of Solids and Structures, Volume 44, Issue 20. 
White, C. et al., 2003. Shaping of parabolic cylindrical membrane reflectors for the dart precision test 
bed. 45th AIAA/ASME/ASCE/AHS/ASC Structures, Structural Dynamics and Materials Conference. 
Wong, Y., 2000. MPhil Thesis: Analysis of Wrinkle Patterns in Prestressed Membrane Structures. 
Cambridge University. 
Wong, Y., 2003. PhD thesis: Wrinkling of Thin Membrane Structures. Cambridge University. 
Wong, Y. & Pellegrino, S., 2003. Prediction of Wrinkle Amplitudes in Square Solar Sails. 44th 
AIAA/ASME/ASCE/AHS/ASC Structures, Structural Dynamics, and Materials Conference. 
Zeiders, G.W., 1999. Innovative Design Concepts for Ultralightweight Space Telescopes. 
 
179 
 
Appendix A 
 
 
 
The following shows the Matlab file developed for the Airy stress superposition method: 
 
 
clear all 
 
%radius of circle 
R=150; 
 
%diameter 
D=300; 
 
theta=0; 
 
disp('This program needs a few inputs to set the parameters up.  Please 
complete the following questions:') 
sides=input('Please enter the number of loading points of the first loadcase 
required    '); 
P=input('Please enter the uniform loading on each vertex    '); 
 
large=[]; 
%A number of points located inside the disk are selected for the calculations 
for y=-R:5:R 
    for x=-R:5:R 
        if ((x^2+y^2)^0.5)<=R 
            sigmaxfinal=0; 
            sigmayfinal=0; 
            tauxyfinal=0; 
            %the calculations are made for the different corners 
                    for numberofsides=1:sides 
                    theta=numberofsides*(360/sides); 
                     
% rotation of the point studied into a coordinate system with x axis 
% being horizontal: 
xn=x*cosd(theta)-y*sind(theta); 
yn=x*sind(theta)+y*cosd(theta); 
  
%Airy stress formulae being applied: 
beta=atand(xn/(150-yn)); 
rone=(xn^2+(150-yn)^2)^0.5; 
sigmax=((2*P)/3.14)*(((R-yn)*xn^2)/(rone^4)); 
sigmay=((2*P)/3.14)*(((R-yn)^3)/(rone^4)); 
tauxy=((2*P)/3.14)*((((R-yn)^2)*xn)/(rone^4)); 
  
%use of Mohr's circle to find the stresses in the global system of axes: 
sigmaxx=sigmax*cosd(-theta)*cosd(-theta)+sigmay*sind(-theta)*sind(-
theta)+2*tauxy*sind(-theta)*cosd(-theta); 
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sigmayy=sigmay*cosd(-theta)*cosd(-theta)+sigmax*sind(-theta)*sind(-theta)-
2*tauxy*sind(-theta)*cosd(-theta); 
tauxyxy=-(sigmax-sigmay)*sind(-theta)*cosd(-theta)+tauxy*((cosd(-
theta)*cosd(-theta))-(sind(-theta)*sind(-theta))); 
  
%the stress produced by the different vertices are added at a single point  
sigmaxfinal=sigmaxfinal+sigmaxx; 
sigmayfinal=sigmayfinal+sigmayy; 
tauxyfinal=tauxyfinal+tauxyxy; 
                    end 
                    % the boundary condition stress is added 
                    sigmaxfinal2=sigmaxfinal-((sides*P)/(3.14*D)); 
                    sigmayfinal2=sigmayfinal-((sides*P)/(3.14*D)); 
large=[x y sigmaxfinal2 sigmayfinal2 tauxyfinal; large]; 
        end 
    end 
end 
  
  
% The same procedure is repeated for a second loadcase, although this could 
% be done for infinitly many loadcases 
sides2=input('Please enter the number of loading points of the second 
loadcase required    '); 
P=input('Please enter the uniform loading on each vertex    '); 
  
%additionally, this load case can be rotated: 
gamma=input('Please enter angle of rotation of second load    '); 
large1=[]; 
  
for y=-R:5:R 
    for x=-R:5:R 
        if ((x^2+y^2)^0.5)<=R 
            sigmaxfinal=0; 
            sigmayfinal=0; 
            tauxyfinal=0; 
                    for numberofsides=1:sides2 
                    theta=numberofsides*(360/sides2)+gamma; 
                     
xn=x*cosd(theta)-y*sind(theta); 
yn=x*sind(theta)+y*cosd(theta); 
  
beta=atand(xn/(150-yn)); 
rone=(xn^2+(150-yn)^2)^0.5; 
sigmax=((2*P)/3.14)*(((R-yn)*xn^2)/(rone^4)); 
sigmay=((2*P)/3.14)*(((R-yn)^3)/(rone^4)); 
tauxy=((2*P)/3.14)*((((R-yn)^2)*xn)/(rone^4)); 
  
sigmaxx=sigmax*cosd(-theta)*cosd(-theta)+sigmay*sind(-theta)*sind(-
theta)+2*tauxy*sind(-theta)*cosd(-theta); 
sigmayy=sigmay*cosd(-theta)*cosd(-theta)+sigmax*sind(-theta)*sind(-theta)-
2*tauxy*sind(-theta)*cosd(-theta); 
tauxyxy=-(sigmax-sigmay)*sind(-theta)*cosd(-theta)+tauxy*((cosd(-
theta)*cosd(-theta))-(sind(-theta)*sind(-theta))); 
  
sigmaxfinal=sigmaxfinal+sigmaxx; 
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sigmayfinal=sigmayfinal+sigmayy; 
tauxyfinal=tauxyfinal+tauxyxy; 
                    end 
      
                    sigmaxfinal2=sigmaxfinal-((sides2*P)/(3.14*D)); 
                    sigmayfinal2=sigmayfinal-((sides2*P)/(3.14*D)); 
large1=[x y sigmaxfinal2 sigmayfinal2 tauxyfinal; large1]; 
        end 
    end 
end 
  
large4=[large(:,1) large(:,2) ((large(:,3)+large1(:,3))) 
((large(:,4)+large1(:,4))) ((large(:,5)+large1(:,5)))]; 
taille4=size(large4,1); 
del=[]; 
%the first and second principal stresses are computed: 
for num=1:taille4 
    firstmagnitude=(((large4(num,3)+large4(num,4))/2)+((((large4(num,3)-
large4(num,4))/2)^2)+(large4(num,5))^2)^0.5); 
    secondmagnitude=(((large4(num,3)+large4(num,4))/2)-((((large4(num,3)-
large4(num,4))/2)^2)+(large4(num,5))^2)^0.5); 
    
    del=[large4(num,1) large4(num,2) firstmagnitude secondmagnitude; del]; 
end 
  
%first principal stress plotting 
figure 
x_data=del(:,1); 
y_data=del(:,2); 
z_data=del(:,3); 
[X,Y]=meshgrid(linspace(-150,150,300),linspace(-150,150,300)); 
Z=griddata(x_data,y_data,z_data,X,Y); 
s=surf(Z) 
set(s,'LineStyle','none') 
view(2) 
axis square 
colorbar 
  
% second principal stress plotting 
figure 
x_data=del(:,1); 
y_data=del(:,2); 
z_data=del(:,4); 
[X,Y]=meshgrid(linspace(-150,150,300),linspace(-150,150,300)); 
Z=griddata(x_data,y_data,z_data,X,Y); 
s=surf(Z) 
set(s,'LineStyle','none') 
view(2) 
axis square 
colorbar 
  
%negative second principal stress plotting: 
figure 
Zmod=Z; 
Zmod(Z>0.0)=NaN; 
s=surf(Zmod) 
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set(s,'LineStyle','none') 
view(2) 
%for contour plots add following line: 
%contour(Zmod,100) 
axis square 
colorbar 
grid off
183 
 
Appendix B 
 
An approximation is made in Chapter 6 about the distance at which the spherical region starts, in the 
problem of the static-geometric analogy. Here, the approximation is checked by using exact values. 
The equation of the sphere is of interest, and, for simplicity, it can be found by using a local coordinate 
system with axes (XY) which have origin at the start of the spherical section as shown in Figure 0.1.  
Parabola
Linear 
slope
δ H
AO
Y
X
x
y
O
 
Figure 0.1: Section taken between points A and O. A local coordinate system is applied in this problem. 
Using this simplification the equation of the vertical displacement which is in the form of a polynomial 
can be calculated, by choosing three points along the spherical section, in which the vertical 
displacements are known: 
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  This results in the following equation, in the local axis: 
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 (   )
 
  
 
(0.4) 
 
The equation obtained needs to be found in global coordinates so that it can be compared with the 
equation obtained for the conical section. For this, it is known that: 
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And: 
       
 
(0.7) 
 
Hence, substituting Equations (0.5), (0.6) and (0.7) in Equation (0.4), the following equation is obtained:  
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And substituting the known dimensions of AO and OB found in Chapter 3 gives the following: 
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In order to prevent curvature in the “concave upwards” direction, the conical and circular section need 
to only intersect at a single point as seen in Figure 6.3.  To find when this is the case, a unique solution 
needs to be looked for when the two equations equal each other: 
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The unique solution can be found by maximising this equation.  After substituting Equations (6.2) and 
(0.9) in Equation (6.7), the following equation is obtained: 
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The result is differentiated and made equal to zero to maximise the equation and obtain a unique result: 
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Solving for x to find: 
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(0.13) 
 
 
By putting this result into Equation (0.11), the only unknown to solve for is δ.  
This method provides an exact solution for the problem found in Chapter 6. The results obtained are 
very similar, always matching to the nearest decimal place in terms of trimming percentage, and hence 
the approximation made in Chapter 6 can be used for simplicity.   
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